CHAPTER 9
Relationships Between Points,
Lines, and Planes

Review of Prerequisite Skills, p. 487

I.a. Yes: (2. ~5) = (10, —12) + ({8 —~7)
(2.=5) = (10. ~12) + 1(8. = 7)

b. No: 12(1) + 5(2) = 13 =9 # 0

c.Yes: (7. -3,8) = (1.0, —4) + (2. - 1. 4)
(7.-3.8) = (1. )—4)+3( —1.4)
dNo( 0,5)=(2.1.-2) +1(4. - 1.2)
(=1.-017)y# {4, ~1.2)

There is no value of t that satisfies the equation.
2. Answers may vary. For example:
a. Vector: it = (7.3) — (2,5) = (5. ~2)

F=(2.5)+ (5 ~2).1eR
Parametric: x = 2 + S,y =5-211eR
b. Veu()x.' = (4, =7y = (—3.7) = (7. - 14)
F=A(-3.7)+ (7. -1 1R
Parametric: x = ~3 + 7,y =7 ~ 141,1e R
¢. Vector:m = (=3, —-11)— (=1.0)
= (=2, -11)
FEA-L0y+ (2, - )JeR
Parametric: x = —1 + = 2,y = —1lnreR
d. Vector:m = (6, ~7,0) — (1.3, S'
= (5, —10, _5)

]
i

F=(1.3,5)+ (5 -10,-5).1eR
Parametric: x = L + 56,y =3 = 101,z = 5 = 51,
reR
e. Vector:m = (—1,5,2) — (2,0.—-1)

= (—3,5,3)
7= (2.0,-1)+1(-3,53),7eR
Parametricc x =2 — 3.y = =51,z = =1 + 3,
reR
f. Vector:ni = (12, -5.-7) — (2.5, -1)
= (10. =10, —6)
F=(2.5—-1) +1(10, =10, ~6),teR
Parametric:x =2 + 10y =5 — 10,z = -1 — 61,
reR

3.a. Since 7 = (2,6, — 1), the Cartesian equation
of the plane is of the form 2x + 6y — z + D = 0,
where D is to be determined. Since Py(4,1, —~3)
is on the plane. it must satisfy the equation. So
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2()+6(1y~ (-3 +D=8+6+3+D
=17+ D =0.D = —17. and the equation of the
plane is 2x + 6y — 7 — 17 = (.

h. Since 7" = (0.7.0). the Cartesian equation of

the plane is of the form 7v + I = 0. where D is to
be determined. Since Py~ 2.0.5)1s on the plane, it
must satisfy the equation. S0 7(0) -+ D = 0+ D = {)
thus 12 = (). The equation of the plane is

Ty = 0,
c. Since 1 = (4. —3.0). the Cartesian equation of
the plane is of the form 4x — 3y + D = (. where

D is to be determined. Since Py(3. - 1. —2)

is on the plane. it mustsatisfy the equation. So

4(3) ~3(~1)+ D=12+3+ D =15+ D=0
D = —15, and the equation of the plane is

4x + 3y — 15 = 0.

d. Since 17 = (6.5. = 3), the Cartesian equation of

the plane is of the form 6x — Sy + 3z + D = 0.

where D is to be determined. Since Py (0. 0.0) is on

the plane, it must satisfy the equation. So

6(0)y—5(0)y+-3(0)y+ D=0, or- D= 0-The

equation of the plane is 6x — 5y + 3z = 0.

e. Since 7 = (11. —6.0), the Cartesian equation

of the plane 1s of the form 11x — 6y + D = 0,
where D is 10 be determined. Since Py(4.1,8)

is on the plane, it must satisfy the equation. So
11(4) ~6(1)+D=44~-6+ D =38+ D = (.
D = 38, and the equation of the plane is

Ty — 6y — 38 = 0.

f. Since ' = (1.1, —1), the Cartesian equation of

the plane is of the formx + y + — z + D = (.

where D is to be determined. Since P,(2,5.1)

is on the plane, it must satisfy the equation.

So02+5-1+D=6+D=0.D= —6,and the

equation of the planeisx + y — z — 6 = (.

4. Start by writing the given line in parametric
form: (x,y,z) = (2 +s+ 21,1 = 5,35 — 5¢), 50

x=2+s+2t,y=1-sandz = 35 — 5
Solving for s in each component, we get s = 1 — y
and substituting this into z = 3s — 5¢ gives

z=3(1 ~y)—5=3-3y - 5.

ory = {.
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3 - 3y - =
Sonow =3 + 3y + 2z = ~5Srandr = "} ~~~~~~~ -,

Finally. substituting both equations for s and 1 into

X =2 45+ 21 we get

. e
x =2+ (1 —y)+ 2(~—~~~§ ~~~~~~~~~ >

Rearranging, we gel
Sy= 10+ 55y +6~6y-—2;
Sx + 1y + 2z = 21 = (.
5. L, is not paralle] to the plane because (3, 0, 2) is
a point on the line and the plane. Substitute the
expressions for the components of the parametric
equation of the line into the equation of the plane.
43+ + (—20) - (2+20)-10=0
12+4r—2t-2-21-10=0
0=20
This last statement is always true. So every point on
the line is also in the plane. Therefore, the line lies
on the plane.
For L, substitute the expressions for the components
of the parametric equation of the line into the
equation of the plane.
(=30 + (=5+20) ~ (~101) = 10 = 0
=12t =5+ 20+ 10r = 10 =0
=15 =190
This last statement i1s never true. So the line and the
plane have no points in common. Therefore, L, is
paraliel to the plane. The line cannot Lie on the
plane.
For L; use the symmetric equation to rewrite x and
in terms of y.
= —4y — 23
=-y—6
Substitute into the equation of the plane.
-4y =2)+y—(-y—6)—-10=0
1oy =92 +y+y+6-10=0
=14y — 96 =0
This equation has a solution. Therefore, L, and the
plane have a point in common and are not parallel.
However, (5, —7. 1) is a point that lies on the line
that does not lie on the plane. Therefore, Ls does
not lie in the plane.
6. a. A normal vector to this plane is determined by
calculating the cross product of the position vectors,
AB and AC.
AB = (2,0.0) — (1,0, —1) = (1.0.1)
AC = (6,—1,5) = (1,0,~1) = (5. - 1,6)

ISR e
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AB X AC= ((0-6) = (1-—~1).(1-5)
= (1-6). (1 =1)~ (0-3)
= (04 1.5~ 6.-1 —0)
= (1, =1.-1)=17

If P(x.y.z)is any point on-the plane. then

AP = (x — Loy.z + 1), and if the normal 1o the

plane is (1, — 1. — 1), then

(x = dov.z -+ 1)y (L~ 1.~1)= 0.5

~ 1 = { and thus,

XY —y—=z-=2=10

b. PO = (6.4.0) = (4.1.=2) = (2.3.2

PR = (0.0.=3) = (4.1.=2) = (=4 ~1 ~1)
ii = PQ X PR
(3(=1) = 2(=1)).2(~
2(=1) = 3(4))

=A-3 42,8+ 2,2+ 12)= (1. —6,10)

X l-y-

=0 244

4y =2(-1).

i

then AP = (v — 4, v — 1.2 + 2).and if the normal
to the plane is (1. 6, ~ 10). then
(x =4y = 1.z +2)-(1.6.-10) = 0,
sox — 4+ 6y — 6 10z~ 20 = ().
and thus x + 6y — 10z ~ 30 = (.
7. Answers may vary. For example: One direction
vectoris 7 = (2. ~1.6) ~= (1,—4.3) = (1.3.3).
Now we need o {ind a normai w e plane such
that 77 - p7 = 0. S0 (1.3.3) - (a.0.¢) = 0. Now we
have a + 3¢ = 0. A-possible solution-to-this-is
a=3.c¢c=~18S07 = (3.0.~1)and the
Cartesian equation of the plane is 3y — = = ().
Since the plane is parallel 10 the y-axis. (0. 1. 0) is
another direction vector for the plane. Therefore, a
vector equation for the plane is
Fo= (1 —=4.3) + ¢(1.3.3) + s(0. 1.0). 5. re R.
8. We are given the point A(~1.3.4). We need to
find a normal vector 7 = (a. b, ¢) such that
alx + 1)+ b(v~3)+c(z —4)+ d =0
The normal vector also must be perpendicular to the
two planes and their normals. (2, ~1.3) and
(5.1, —3). One possible solution for the normal is
7= (0,3,1). So we have
y—=3)+z-4=0

3y +z2-9—4=090
And the equation of the plane is 3y + z = 13.
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9.1 The Intersection of a Line
with a Plane and the Intersection
of Two Lines, pp. 496-498

1. a. First. show the parametric equations as
y=1+35,v=2+s = -3+ Thenthe
plane can be written as 71 x — 2y — 3z = 6.
and the vector equation of the line is
F=(1.2.-3) +s(51.1).5¢R.
h. When we substitute the parametric equations into
the Cartesian equation for the plane. we gel
(1 +35) = 2(2+5)=3(~3+5)=6

=4 49455 =2~ 3=06~-05=06
Note that by finishing the solution. we get Os = .
Since any real number will satisfy this equation. we
have an infinite number of solutions, and this line
lies on the plane.
2. a. A line and u planc can imersect in three ways:
Cuase I The line and the plane have zero points of
intersection. This occurs when the lines are not
mcidental, meaning they do not intersect.
Cuase 2: The hne and the plane have only one point
of intersection. This occurs when the lne crosses
the plane at a single point.
Case 3: The line and the plane have an infinite
number of intersections. This occurs when the line
is coincident with the plane. meaning the hine lies
on the plane.
b. Assume that the line and the plane have more
than one intersection, but not an infinite number.
For simplicity. assume (wo intersections. At the

first intersection. the line crosses the plane. In order

for the line to continue on, it must have the same
direction vector. If the line has already crossed the
plane, then it continues to move away from the
plane. and can not intersect again. So the line and
the plane can only intersect zero. one. or infinitely
many times.

3.a. The line 7 = s(1,0,0) is the x-axis.

b. The plane y = 1 has the form 7 = (x. 1. z).
where x, and  are any values in R. So the plane is
paralle} to the xz-plane, but just one unit away to
the right.
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d. There are no intersections between the line and
the plane.
4. a. For x + 4y + £ — 4 = 0. if we substitute the
parametric equations. we-have

(=2 +0)+4(1 -+ (2+31)+ 4

= =D 4+ 2+ - 4+ 3 -4

=0+ 0
0. All values of 1 give a solution to the equation,
so all points on the Tine are also on the plane.

b. For the plane 2x = 3v+ 4z — 11 = 0, 'we can
substitute the parametric equations derived

from¥7 = (1.5.06) + (1, -2, - 2):
x= I+ y=5—211z=6-2L

So we have 2(1 + )= 3(5 = 21) + 4(6 = 21) — 11
=2~ 15424 =11+ 2t+ 61 - 8t

= Ot + 0

=0

Similar to part a.. all values of ¢ give a solution to
this equation, so all points on the line are also on

i

the plane.
5. a. First, we should determine the parametric
equations fromthe vector form: x = =1 — s,
y =1 + 2.z = 2s. Substituting these into the
equation of the plane, we get

2(—1 =) = 2(1 + 2s) + 3(2s5) — 1

= =2 =2—1-2s— 45 + 65
~5++ Os
Since there are no values of s such that =5 = 0. this
line and plane do not intersect.
b. Substituting the parametric equations into the
equation of the plane, we get
2(1 +20) = 4(=2 + 51) + 4(1 + 41) — 13
24+ 8+4 13+ 4200 + 161

=1+ 0
Since there are no values of 7 such that 1 =0, there
are no solutions. and the plane and the line do not

i

intersect.
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6. a. The direction vector is n7 = (~1,2.2)

and the normal is 7 = (2, —2.3), so if the line and
the plane meet at right angles. »7 - 7 = 0. So
(=1-2)+(2--2)y+ (2:3)=-2-4+4+ 6=,
but 2¢(=1) = 2(1) + 3(0) ~ I = ~5 # (. So the
point on the line is not on the plane.

b. The direction vector is n7 = (2,5, 4) and

the normal is 7 = (2, —4.4). so if the line

and the plane meet at right angles. 777 - 7 = 0. So
(2-2)+{5-—-4)+(4-4)=4~-20+106=0,
but 2(1) — 4(~2) + 4(1) = 13 =1 # 0. So the
point on the line is not on the plane.

7. a. If the line and the plane intersect, then they are
equal at a particular point p. So we must substitute
the parametric equations into the equation of the
plane. and then solve for p.

(=1 +6p)+23+p)—(4-2p)+29

= =14+ 6=4+ 6p+2p+2p+29

= 30+ 10p

={. Sonow —~10p =30 and p = - 3.

Now we must find the point at which the

line and plane intersect. To do this, just

substitute p = -3 into the vector form of the line:
{(-13.4)+ =3(6.1.-2) = (~19.0, 10).

b. If the line and the plane intersect. then they are
equal at a particular point p. So we must substitute
the parametric equations into the equation of the
plane. and then solve for p
x=1+dsy=—-2~-5.272=3+3

200 +4s) + 7(=2 ~s) + (3 +35)+ 15
=2-144+3+154+8 —Ts+s

6+ 2s
= (. Sonow —2s = 6and s = — 3. Now we must
find the point at which the line and plane intersect.
To do this, just substitute s = — 3 into the vector

form of the line:
(1.-2.3) + =3(4. 1. 1) = (~11. .O)
8. a. Comparing the x and y components in L, and
L, we have
3+4ds =4+ 1%

I —s=1-=5
We can easily solve for one of the variables by
using the second equation: s = 5. Substituting this
back into the first equation: 3 + 201 = 4 + 131 so
I = 7rand thus 1 = 4. So now we must solve for s:
3+4s =4+ %ands =% = 3. Placing these back
into the equations for L, and L

9-4

5 41 2 45
Li(3.1.5) + (4, —1,2) = | .o =
Li(3.1.5) + (4, = 1.2) (7,7,7>

,.(M.l?,,&ié)_‘(ﬂ“é)
= 7" 77) \71°77

The points must be equal for intersection to occur,
so there is no intersection and the lines are skew.
b. If we compare the : components of the two lines,
we see 2 = 8 — 65 or s = 1. Substituting this back
into the x component (the y component would work
Just as well), we have 3 -+ m = -3+ 7(1) =4, or
m = 1. S0 now we can substitute m and s back into
the equations for the line, and we get

L3:(3.7.2) + (1.-6,0) = (4.1.2)
Lyi(=3,2.8)+ (7.-1.-6) = (4,1,2)
So (4. 1,2) 1s the only point of intersection between
these two lines.
9. a. Comparing the v and z components of each
vector equation, we get the system of equations:
3-2p=3-124

I

4+ 3p=-4+1lg
Note that from the first equation, p = g. So the
second equation becomes 4 + 3g = —4 + 11q.

Solving for g, we get ¢ = 1. So from the earlier
relation. p = 1. Placing these two values back into
the vector equations, we get

(—2.3.4)+ (6. -2.3)= (4. 1.7)
(—2.3.-4) + (6. -2, 11) = (4.1.7)
This shows that these two iines intersect at (4, 1. 7).
b. Comparing the x and z components of each
vector-equation, we get the-system of equations:
44+ r=2+5
6+ dr= -8+ 55
Note that from the first equation, s = 2 + r. So the
second equation becomes 6 + 4r = 2 + 5r.
Solving for r, we get r = 4. So from the earlier
relation, s = 6. Placing these two values back into
the vector equations, we get

(4.1.6) +4(1.0.4) = (8, 1,22)

(2,1.-8) + 6(1,0.5) = (8,1,22)
This shows that these two lines intersect
at (8,1,22).
c. Comparing the x and z components of each
vector equation, we get the system of equations:
2+m=~-2+3p
T+m=1-p
Note that from the second equation, m = —p. So
the first equation becomes 2 — p = —2 + 3p.
Solving for p, we get p = 1. So from the earlier
relation, m = —1. Placing these two values back
into the vector equations, we get
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(2.2.1) = (1.1.1) = (1.1.0)
(=2.2.1)+ (3. —-1.-1) = (1.1.0)

This shows that these two lines intersect at (1,1, 0).

d. Comparing the x and y components of each
vector equation, we get the system of equations:
1+ 0m=2+s
24+4m =312
Note that from the first equation, s = — 1. So the
second equation becomes 2 + 4m = 5.
Solving for m. we get m = 3. Placing these two
values back into the vector equations, we get
3 21

(9,1,2) 4(5,0,4) = (4 L .1>
(8,2.3) — (4. 1. -2) = (4. 1.5)
The two lines do not intersect. so they are skew.
10. At the point where the line intersects the z-axis,
the point (0. 0. ¢) equals the vector equation. So
for the x component, ~3 + 35 = Qors = 1.
Substituting this into the vector equation, we get
(=3.2,1)+ (3.-2.7) = (0,0.8).So g = 8.
11. a. Comparing the x components, we get
~2 + 7s = -30 + 71, which can be reduced to
28 + 7s = Trors — 1 = 4. Comparing the other
components, the same equation results.
b. From L,, we see that at (—2.3.4).s = 0. When
this occurs, ¢ = 4. Substituting this into L,, we get
(=30, 11, —4) + 4(7.-2.2) = (—2,3,4). Since
both of these lines have the same direction vector
and a commion point, the lines are coincidental.
12. a. First,- we must determine the-values of s-and 1.
So comparing the x and z components; we get
-3+ 5=1-3

T+s=2+8
From the second equation, s =1 + 8. Substituting
this back into the first equation,
=34+ 1+8=1=3t0r1=7:.
Substituting back into the second equation,
=345 =1-7 =2 and solving for s,

s = # 4+ 3 =3 Now we can solve for k. Compare
the y components after substituting s and 1.
35 3
§—— =4+ —k
T 11
53 =44 + 3k
ork = 3.
b. The lines intersect when s = 2. The point of
intersection is (=3 + 3,8 = .1+ ) or

(2.5 4
s T 11 )
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13. On the xz-plane. the point'A has the coordinates
(x,0, z). forany x. z. Similarly. on the yz-plane, the
point B has the coordinates (0.y. z) for any y, z. Now
the task 1s to find the required values of s for these
points. Starting with the x component of point B,

we have 0 = —8 + 2sors = 4. So point B is
(=8.-6,-1)+4(2.2, 1) = (0.2,3). For point A,
we need the v coordinate to equal 0. So 0 = —6 + 25

ors = 3. Sopoint A is
(—=8.-6.—1)+3(2.2.1)= (—2,0.2).
Now we need to find the distance.
d=\N(0~- (=2)F + (2 - 07+ (3-2)
=\V4+4+ ]
=9
=3
14. a. Comparing the v and z components of each
vector equation, we get the system of equations:
1+0p=-1-2q

l=p=1-12¢q
Note that from the first equation, 2 = —2¢ or
g = —1. So the second equation becomes

Il-p=1+20rp=-12

Placing these two values back into the vector

equations to find the intersection point A, we get
(2,1,1) = 2(4.0,=1) = (—-6,1.3)

(3,-1.1) = (9.,-2,-2) = (—6,1.3)

Thus, the intersection point is {—6, 1, 3).

b. A point on the xy plane has the form (x, v, 0). If

such a point'is (—6. 1, 0) then the distance from

this pointisd = VO + 0 + 37 = 3.
15. a. Comparing the x and v components of each
vector equation, we get the system of equations:
=1+ 55 =4+

3—2s=-1+4+2t
Note that from the first equation, 5 = S5sors = 1.
So the second equation becomes 3 — 2 = -1 + 21
or ¢ = 1. Placing these two values back into the
vector equations to find the intersection point A,
we get
(—=1,3,2) + (5, -2,10) = (4.1.12)

(4,-1, 1)+ (0,2,11) = (4,1, 12)
Thus, the intersection point is (4, 1, 12).
b. We need to find a vector (a,b, ¢} such that
Sa = 2b + 10c = 0

2b+11c=0

A possible solution to the second equation is
(a, 11, —2). If we substitute this into the first
equation, we get Sa — 22 — 20 = 0~ 5a = 42.
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42

We can use this to get a solution of ({ 11, —2). To
eliminate the fraction, we get (42,55, ~10). So the
vector equation is ¥ = (4,1, 12) + (42,55, — 10),
re R.

16. a. z

—

b. The only point of intersection 1s at the origin
(0.0,0).

¢. If p = 0 and g = 0. the intersection occurs at
(0.0.0).

17. a. Represent the lines parametrically, and
then substitute into the equation for the plane.
For the first equation, x = 1, v =7 — 8¢,

z = 1 + 2t Substituting into the plane equation,
204+ 7 = 8+ 3+ 6r — 10 = 0. Simplifying,

Or = 0. So the line lies on the plane.

Forthe second line,x = 4 + 35,y = — 1,z =1 — 2s
Substituting into the plane equation,

8+ 65— 1+3— 65— 10 = 0. Simplifying,
Us = (). This line also lies on the plane.

b. Compare the x and y components:

4 + 35 =t

78 = —1

From the second equation, 1 = 1. Substituting back
into the first equation, 4 + 3s = l,ors = — 1.

Determine the point of intersection:
(L7~ 8,1+2)=(1,-1.3)

(4-3,-1,1+2)y=(1,-1,3)

The point of intersection is (1, —1,3).

18. Answers may vary. For example:

7=1(2,0,0) +p(2,0,1),peR

9.2 Systems of Equations, pp. !

1. a. linear

b. not linear

¢. linear

d. not linear

2. Answers may vary. For example:

x+y+2z=-15
ax+2y+z=-3
2x - y+ z=-10

b. Subtract the first equation from the second, and
subtract twice the first equation from the third:

9-6

x+y+2z=—-15
Ox —y+z=—-12
Ox —y—3z2=20
Add the second and third equation.
x+y+2z=-15
Qv —y+z=~-12
Ox + Oy — 4z = 32
From the third equation, z = —8.
Substitute z back into the second equation,
-y —-8=-12

-y=—-12+8= -4
So v = 4. Now substitute y and = back into the first
equation.
X+ 44+2(-8)=x—12=~15
And so x = —3. Thus the solution is (-3, 4, —§)

as expected.

3
3.a.—7 - 3(5) + 4(2) =-7-15+3=-19

-7 - 8<3> = ~7=6=—13
\ 4 - == 2D

~7+2(5) =3

Yes, (~—7, 5, j) 1s a solution.
b.

3
3(=7) = 2(5) + 16(5) =-21-10+12=-19

3(=7) - 2(5) = =21 = 10 = ~3I
+ —23

3
8(=7) -5+ 4(3) = 56— 5+3=—58

Because the second equation fails to produce an
equality, (”7. 5, i) 1s not a solution.
4.a.Solve fory. y = =3
The solution 15 (—2, —3).
b. Multiply the second equation by 6
3x + 5y = —121
x = 3y=7
Add 3 times the first equation to 5 times the second
equation.

3x + 5y = -21
14x = =28
From the second equation, x = —2.
Substituting x back into the first equation,
3(=2) + S5y = —-21
Sy = —15
Soy = —3.

The two systems are equivalent because they have
the same solution.

5. a. Add the second equation to 5 times the first
equation.
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Hj\' = (b

Solve for vin the second equation. v = 6. Substitute x

back into the {irst equation

206) ~ v o= 1
=1l - 12 =~
S() Vo ]

Therefore. the solutionis (6. 1).

b. Subtract three times the first equation from twice
the second equation.

v+ Sy 1Y

Ov = 7y = =35

From the second equation. y = 5,

Substitute v back into the first equation.

20+ 5(5) = 19

Sox = ~3
Theretore, the solution 1 (—3.5).
¢. Add the second equation to 3 times the first
equation to the second equation
oy 2y o= 0
Ox + Iy = 33
From the second equation. y = 3.
Substitute v back into the first equation.
~x 4 2(3) = 10

-y =4

Sox = —4
Therefore the solution is (—4. 3).
6. a. These two lines are parallel, and therefore
cannot have an intersection.
b. The second equation is five times the first,
therefore the lines are coincident.
J.a. letx=1S02t —y=3theny =2 — 3.
b.letx =1 v=ys Thenr ~ 25 + z = Oand

i

7 =25 4+ 1

8.alflyx=1ry=-2r— 1l theny = ~2x — 11
and so 2x + y = — 11 is the required linear equation.
b.2¢ + v = =11

il

61— 61+ 6 — 17
= 11
9. a. The two equations will have no solutions when

2031+ 3) + (~60 — 17)

k # 12. since they will be parallel should this occur.

b. It is impossible to have only one solution for these
two equations. They have exactly the same direction
vector. They will never intersect at exactly one place.
¢. The two equations will have infinitely many
solutions when k& = 12. When this occurs, the two
equations are coincident.
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10. a. There are infinitely many solutions to this
equation. This is reason why it is represented
graphically as a line.
b.Letx =1 So 2t + 4y = |1, thendy = It — 2
andy =4 -1 reR
¢. This equation will not have any integer solutions
because the left hand side is an even function and
the right side is an odd function.

11. a. Add the second equation to — 2 times the
first.

x+3y=uq
Ox = 3y =h —2a
Divide the second equation by —3 to get
y = —1b + ia. Now substitute this back into
the first equation.

1 2
x + 3(%,-/7 + ~(1> = q
3 3

X—b+2a=ua
x=—a-+b

b. Since they have different direction vectors. these
two equations are not parallel or coincident and will
intersect somewhere.
12. a. Add the third equation to the first to eliminate z.

x+tv+z=0

x - v+ Uz =1
x+ 2y +0z= -5
Add twice the second equation to the third equation
to ehiminate
Add twice the second equation to the third equation
to eliminate y.
X+ y+z=0
x =y +0z=1

3+ Oy + 0z = =3
Divide the third equation by =3 to getx = — L.

Now substitute into the second equation.
-1—-y=1

y = —2
Finally. substitute x and y to get
-1+ =2+z=0
So z = 3. Therefore, the solutionis (=1, —2.3).
b. Add the first equation to — 2 times the second,
and add the first equation to — 2 times the third.
2x =3y +z72=6
Ox — 5y — 3z = =56
Ox — y + 3z =40
Now add the second equation to —1 times the third.
v =3y +z=6
Ox — 5y — 3z = —56
Ox — 4y + 0z = —16

1l

fi
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From the third equation, y = 4.
Now substitute this into the second equation.
=5(4) =3z = ~56
-3z =-36
=12
Now substitute these two values back into the first
equation.
2y = 3(4)+12=6
2x =6,x =3
So the solution is (3. 4, 12).
¢. Add the second equation to — 1 times the third.
X+ v+ 0z=10
Ox+y+z=-2
—X A+ y+ 07 =2
Add the third equation to the first equation.

X+ yv+0z=10
Ov +y+ 7= -2
Ov + 2v + 0z = 12

So y = 6. Now substitute into the other two

equations.
¥+6=10-x=4
b+ = ~2w>z=-8§

So tie solution is (4. 6, —8).
d. To eliminate fractions, multiply each of the
equations by 60.

20x + 15y + 127 = 840
15x + 12y + 207 = — 1260
12¢ + 20y + 15z = 420

Add 3 times the first equation to —4 times the
second, and add 3 times the first equation to — 5
times the third.
200 + 15y + 12z = 840
Ox = 3y — 44z = 7560
Ox = 55y — 39z = 420
Now add 55 times the second equation to —3 times
the third equation.
20x + 15y + 12z = 840
Ox — 3y — 44z = 7560
Ox + Oy — 2303z = 414 540
Divide the third equation through by —2303 to get
z = —180. Substituting z back into the second
equation.
=3y —44(—-180) = 7560 — —3y = —360
So y = 120. Now substitute these two values back
into the first equation.
20x + 15(120) + 12(—-180) = 840
20x = 840 — 1800 + 2160 = 1200

e. Note that if 2x — y = 0 — y = 2x. and

2z = x = 0—z = ;x. So we substitute these two
relations into the second equation.
=x=T7T—x=2

2

Sonow z = 1.y = 4, and the solution is (2.4, 1).
f. Add the first equation to —2 times the second

1
2(2x) — X =

equation.
x+y+ 2z =13
—2x + 0y — 7z = —38
2x + 0y + 6z = 32

Add the second and third equations.

x+y+2z=13
—2x + 0y — 7z = —38
Ox + 0y —z= -6

So from the third equation, z = 6.
Substituting into the second equation,
—2x — 42 = 38
~x =4 5x= =2
rinaity, subsuwuung both values into the first
equation,
=2+ y+12=13—5y=23
So the final solution is (-2, 3, 6).
13. Answers may vary. For example:

a. Three lines parallel

Two lines coincident
and the third parallel
z

So x = 60. Therefore the solution is (60, 120, —180).

9-8
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Two parallel lines cut
by the third line

C.

Ly

X

14. a. Add — 1 times the first equation and the
second equation. Add —1 times the first equation
and the third equation.
x+y+tz=a
Ox +0y—~z=b—-a
~x+0y+0z=c—ua

&1
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Soz =a — b.x = a~— ¢ Then substitute into the
first equation.
a—c+yv+a—b=ua

v=—a+b+c
So the final solutionis (¢ — ¢. —a +b + c.a — b).
15. a. For two equations to have no solutions. they
must be parallel-—meaning it must have a the same
direction vector. So if k = 2. then the lines are
parallel.
b. If two eguations have an infinite number of
solutions, then the lines must be coincident. One
way to do this 1s if the second equation is a multiple
of the first equation. To achieve this. k = — 2.
¢. For two equations to have a unique solution. they
must have only one intersection. From a.. we saw
that if k = 2. the lines are parallel, and if k = —2.
then they are coincident. Since the only other option
is for the lines to have a unique solution, k # * 2.

9.3 The Intersection of Two Planes,
pp. 516-517

1. a. This means that the two equations represent
planes that are parallel and not coincident.

b. Answers may vary. Forexample: x — y + 7 = 1.
X=y+z= -2

2. a. The solution to the system of equations is:
x=3+4ds = v=ys52=1s1eR The two
planes are coincident.

b. Answers may vary. For example:

x—v+z=-1:2x =2y + 2z = -2
3.a. 20 = ~d= = -2
X—y+ (=2)=—1

x — y=1
x=1+sy=s52=-2,s5ekR

The two planes intersect in a line.

b. Answers may vary. For example:
x—y+z=-lix—y—z=23

doa. D2 +y+6z=p Qx+my+3z=yq
For the planes to be coincident equation @ must be
a multiple of equation (D). Since the coefficients of
x and z in equation (1) are twice that of the x and z
coefficients in equation (@ all of the coefficients
and constants in equation (2 must be half of the
corresponding coefficients in equation ®. So:

m = -1—, p=2¢q.q =1, andp = 2.

2
The value for m is unique, but p just has to be twice

g and arbitrary values can be chosen.
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b. For parallel planes all of the coefficients of the
variables must be multiples of each other, but the
constant terms must differ by a different constant.
So a possible solution is:

I
o= 5 g = l.and p = 3.

The value for m is again unique but p and g can be
arbitrarily chosen as long as p # 2¢.

¢. For the two planes to intersect at right angles the
two normal vectors, n| = (2,1, 6) and

5 = (1.m, 3), must satisfy:

nysny = 0.

noen, =24 mA4 18 =0

m = —20. This value is unique. since only one
value was found to satisfy the given conditions.

d. From c. we know that in order to intersect in
right angles m = —20. Choose p = 1. g = 1.

The value for m is unique from the solution to c.,
but the values for p and ¢ can be arbitrary since the
only value which can change the angle between the
planes is m.

5.a. Letting z = 5
y = - 3s.
x4 2(-3s5) - 35 = 0.
x = Qg
The solution is:
x=Ys.v= =35, 7= 5,5eR
b. Letting v = 1.
1+ 3:=0
3z = ~1
o 1
3= -3 I3
is) l \
X+ 2 3< 3!—()
¥+ 3r=90
x = -3
The solution is:
X = =3y =17 —%I;IER.

¢. Since 1 is an arbitrary real number we can
EXPress 1 as:

1= —3s:5eR.

Substituting this into the solution for b. shows that
the two solutions are equivalent.

6. a. Equation @ is twice that of equation (), so
they represent intersecting coincident planes.

b. The coefficients of each variable are the same,
but the constant terms are different, so the equations
represent non-intersecting parallel planes.
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c. The coefficients of the x and z variables are the
same but the y coefficients are different. So the
equations represent planes that intersect in a line.

d. The coefficients of each variable from equation (U
to (2 are not the same multiple. Therefore the
equations represent planes that intersect in a line.

e. The intersection is a line by the same reasoning
as d.

f. The intersection is a line by the same reasoning as d.
Tax=1l~-s—1y=s5z2=1(s51eR

b. There is no solution since the planes are parallel.

c. - @:

=2y =4
y = -2
X—2+2z=-2
x+22=0
X = =2z
x=—25y= -2, z=y5 s5eR.
d. Letz = s:5eR.
From (2):
X =y+6
(y+6)+v+25=4
2v + 28 = -2
y=—s - L
X= =5+ 5y=-5-~ 1 7=y s5eR.

€. =2+ D2y = dy - 2z = -2
Adding (1
4y ~ Sy = (),

i

L |

X = 25,}1 =s52z=1- Zs seR
fx—y+24)=0

x=y— 8
x=s—8 y=s527=4 s5eR
8. a. The system will have an infinite number of
solutions for any value of k. When k = 2 equation
@ will be twice that of (D so the solution is a plane:
x=1—-s—-2ty=s5z=1tst1eR.
For any other value of k the solution will be a line.
For example & = 0:

2y = —4z

y = —2z.
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Yo+ (=2z)+ 2z =1

x =1
y=l.v=-2s.z=55ekR
b. No there is no value of k for which the system will
not have a solution. The only time when there is no
solution is when the corresponding coefficients for
each variable differ by a common multiple between
equations, and the constant terms differ by a different
multiple. The only way the first condition is satisfied is
when k = 2. but when this happens the constant terms
differ by the same factor as the variables. namely 2.
9. The line of intersection of the two planes:
g 2v e vt o= Ol vy 4 4z = (s

V\; o= _4:
20— (—de) 2= 0
2y = — 5z
B 5
X 5o
5
y= ooy = ~ds oz = sosek

The direction vector is (’ —4, ]) or (—5.—8.2).
ro= s5{—5, —8.2). seR. Since the line we are
looking for is paralle] to this line, we know that the
direction vector must be the same. The line passes
through {—2. 3. 6) and has direction vector

(—5. =8.2). The equation of the line 1s

7= (—2.3.6)+ s(—5,-8,2).seR.

10. The line of intersection of the two planes,

2v = v+ 2z = 0and 2x + v + 6z = 4 s

4y + 82 =4

x =12z
2(0 = 2z) —y+ 22 =0
2-y—-2:=40

y =2 - 2z

x=1=-25yv=2-12s,z=ys5,5¢kR
In order for the a line to be contained in the plane
we need to check that the values for x, v, and z
always satisty the plane equation:
Sx + 3y + 16z — 11 = 0.

S(1—2s) + 3(2 = 2s) + 16(s) = 11 =0

S+6—11— 105 — 65 + 165 =0
0 = 0. Since this is true the line is contained in the

it

plane.
Man 2y +y—-3z=3mpx—2yv+z=—-1
my = 2m Sy — 5z =5

y=1+z
2x+ (1 +z)y—-3z2=23

2y ~ 2z =2

x=1+z

x=1l+sy=1+s52z=s51s5eR
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b. L. meets the xy-plane when z = (.
xy=1lv=1A4=(1.10)

L meets the z-axis when both x and v are zero:
s = —1

z= -1
B=(0,0,-1)

The length of AB is therefore:
VIEE+ 1P+ 1= \/g()r about 1.73.

il

12. The line with equation x = —2v = 3z has
parametric equations: x = 5.y = —4s. 7 = {s. seR,

This has the equivalent vector form:

- 11
F o= .8(1. “‘22 §> seR.

The line of intersection of the two planes
x—y-+z=1land2y — z =0ix

1
V *—2<.
1 |
X ——z 4+ 7z =1
2
1
x=1— =z
' 2

x=1=14rv =11z =1t1eR Which has a vector

equation of:

7= (1.0.0) + 1(=4.4. 1), re R. The vector
equation of the plane with the given properties is
thus: '

L N 11 YA
;~(Luoy+(~T5J>+»<L 23>AJGK

The normal vector for the plane is then:

(T 0
(1A

Or equivalently (8, 14, —3).
The Cartesian equation is then:
8x + 14y — 3z + D = 0, and must contain the
point (1, 0, 0).
8(1) + D = 0.
D = —8.
8y + 14y — 3z — 8 = 0.

Mid-Chapter Review, pp. 518-519

l.a.?=(4,-3,15) +1(2. =3,5).1eR
x=4+2ty==3-3.7=15+ 5
0=15+ 5

t= -3

9-1



x =4+ 2(-3).y= -3 - 3(-3),
=15+ 5(~-3)
x=-2.y=6z=20

(—2.6,0)

b.7 = (4, —3.15) + 1(2. =3.5).1eR
x =44+ 2, ¥‘1:~3~31,:“‘15+51
0= -3 =73

= =1

x=44+2(=1),y= -3~ 3(-1).

7 = 1% + 5(—])
x=2y=0z=10

(2.1,),1'))

.7 = (4,-3,15) + 1( 2 -3,5),1eR
x=4+2ry=-3~ =15+ 5¢
0=4+2

[ = =2

y=4+2(=-2) v = -3~ 3(-2),
=15+ 5(~2)

x=0y=37z=35

(0,3.5)

2. a.~e. Answers may vary. For example:
A(2.1.3).B(3.-2.5),C(-8. -5.7)
-2.5, - 3.5.6)

-3, -2.5)

5, -0.5.4)

Ag) = (-4.5,-453)= (3,3, ~2)

m_‘ = (Bb) = (-6,0.0)= (1,0,0)

my = (Cc) = (105,45, -3) = (7,3, -2)

Then substitute in the point and the direction vector
to find-the equation ofthe-line.

A(2,1,3), B(3,-2.5),C(~8.~5,7)

my = {Aa) = (~4.5,-45.3) = (3,3. -2)

my = (Bb) = (-6,0,0) = (1,0,0)

= (-
=
(

;E
= (

my = (Cc) = (105,45, -3) = (7.3. =2)
ArF = (2,1,3) + 1(3,3.-2),teR
x=2+3tv=1+31,z2=3~-211eR
B:r=(3,-2,5) +1(1.0,0).teR
x=3+1y=-2 7=51eR
C:7=(~8,-57)+1(7.3,-2), 1R
x=-8+Tty=~-5+31z=7-21eR
Arx =243,y=1+31,z=3~-211eR
B:x=3+1y=-2,z=51eR
Cx=-8+T,y=—-5+31,z=7-21,1eR
y=-2=1+73%
1= -1

x=2+3(-1).y=1+3(~1),
z=3-=2(~1)
x=—ly=-=2z7z=7F
(-1.-2,5)

Alx=2+31y=1+31.z=3~-2.1eR
Bx=3+nry=-27z=51eR
Cx=-8+T,v=~-54+3z=7-211eR

y=—-2=~-5+73

=1

x==8+T7(1),y=~=5+3(1).z=7-2(1)
x=—ly=-2.2=15
(-1,-2,95)

The three medians meet at (— 1. -2, 5).
Joa. LoSx+y+ 22 +15=0
Lydx + v+ 22 +8=0
Li—Lyx+7=10
Sox = -7.
Lyzy+2:-20=0
Lyy+2:-20=0
=1,
+ 2(1) ~ 20 =0
=20-2t
(—7,20.0) + (0, -2, 1).1eR
b. Liidx +3y +3z-2=10
LySx +2y +3z+5=90
2Ly = 3Ly ~Tx -3z - 19 =0

bt

y
o
7

i

7 =1,
—=7x = 3(7t)y — 19 = 0,
Q
=g -2
7

4l -3 lg\xq,J.?/”m 2 -0
-J——~) 3y Ty~ 20

3
:~3f+“9
: 7
© 19 30
7 = o e + 3.~, - . -
2 ( = 7()) 1(3.3,-7).1¢R
:( 72() 0)+z(0 ~2,1),1eR
()
Lyix=—1, ~20~21,z=’
19 30
N X = e+ o =
L. x 5 ’S[y 7 31,z 7t
—~g+31—~7 :~3—Q
21

~a
|

~J
TN
I

N‘w
[ ]
—

doa. m:3x+y+T72+3=0
X — 13y~ 32 -38=0
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1377, + 7 40x + 88z + 1 =0

=1,
400 + 88(1) + 1 =0
11: i
po M1
5 W0
%<~—4~]~—~]-)+y+7(z)+3:0
N5 Ta) 7 :
2 117
T TS T
NI 2 17
TS T 5 T apciTieR

il

b.  mpix—3y+z+ 11
7 bx — 13y + 82 — 28 =0

—6m, 4+ Sy + 27 — 94 = 0
=8,
Sy + 2(s) — 94 =0
2 . 94
et i el
YTTSTS
2 94
x =3l =Zs A (s) F 1T = (
X ( 55 5) (s) 1 )
11 227
X = = —
D h
11 227 2 94
X = —=——g+  —— yp= ——5 4+ =35 5eR
5 5 5

¢. The lines found in 4. a. and 4. b. do not intersect:
because they are in paralle} planes.
5. a. For there to be no solution the lines must be
inconsistent with each other.

Lix+ay=9
Ly ax + 9y = =27

I a
a 9
a=*3
Fora = 3
Lix+3y=9
Ly 3x + 9y = —~27
For a = —3, the equations are equivalent.

So there 15 no solution when a = 3.
b. To have an infinite number of solutions, the lines
must be proportional.
Lix +ay=9
Lyax + 9y = ~27
=3(x +ay=9)=-3x — 3ay = ~27
Ly =3x — 3ay = =27
Ly ax + 9y = =27
a= -3
¢. The system has one solution when a # 3 or
a # —3, because other values lead to an infinite
number of solutions or no solution.

i
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x -~ 11 -4 - 27
6. L : = 2 = e =g
2 —4 5
Lyx=0yv=1-3z=3+211eR
Lipx=2s+1l.y=—4s + 4.z =27 + 55
x=0=2 + 11,
5= —55
y o= —-4(-—55) + 4,z =27 + i(w%%)
x=0y=206.z=-05
25

v=26=1~31=——
y 3

7
2= =05=3+211= —~

4

Since there is no r-value that satisfies the equations.
there is no intersection. and these lines are skew.

x—5 z+ 4
Toa LD =y 2 = e
L(x =3 y=20.z-7)=1(2-4.5).1eR
Lyx=2s+5y=s5+2.7=~35—4

Lyx=2t+3 y= 41+ 20, 7= 5+7
Xx=2+3=25+5
y=s+2= -4+ 20
1= =35 —4=5+7
L2t =25 =2 =10
Lydr+5s~18=10
LSt +3s+ 11 =0
Ly+2L:100 = 38=0.1=38
3y + 2L 160+ 16 = 0,1 = 1]
b. Since there is no t-value that satisfies the
equations, there is no intersection, and these lines
are skew.,

i

8. Lix=1+2s,y=4—-5 7= -3s5.5¢R
Lyix= -3, y=1+37=21eR
x=—-3=1++72
§ = =2
x=-3y=6z=6
(—3,6,6)
9.a.L;:7=(51.7) +s5(2,0.5),seR
L7 =(~1,-1,3)+1(4.2,-1),1eR
Lix=5+2s,y=127=7+75s
Lyx=-1+4ny=—-1+2z=3—1
yo= ] = -1+ 2
r =1
x=-1+4(1),y=-1+2(1),
z=3- (1)
x=3y=12=2
(3,1,2)

b. L:7=(2,-1,3)+s(5 —1,6),5eR
L7 =(-8,1,-9)+1(5 ~1,6),teR
These lines are the same, so either one of these
lines can be used as their intersection.
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10. a. Answers may vary. For example:
i. comncident

iii. skew

X

b. i. When lines are the same, they are a multiple
of each other.

ii. When lines are parallel, one equation is a
multiple of the other equation, except for the
constant term.

9-14

iti. When lines are skew. there are no common
solutions to make each equation consistent.
iv. When the solution meets in a point, there is only
one unique solution for the system.
11. a. A line and plane have an infinite number of
points of intersection when the line lies in the plane.
b. Answers may vary. For example:
7 =1(3.-5.-3).tekR
F=1(3.-5-3)+s(l.l. 1) r.yeR

(U 2x + 3y =30

D x—-2y=-13

Equation (0 ~ (2 X equation (2)): 7y = 56
v o= 8

2x + 24 = 30
v =3

(3.8)

m

b.

(2 2x + 8y — 6z + 11 =0

There is no solution to this system. because the
planes are parallel. but one pluane lies above the
other.

. x-3y-2:=-Y

L

2y~ Sy +
Q) =3y + 6y + 2z =8
Equation (L

)+ (2 X equation ©2): Sy~ 13y = =3

Equation ) + (equation () = 2x + 3v = —1
2(5x = 13y = —3)
4 S(~2x + 3y = 1)
=1y = —11
y =]
Sv = 13(1) = -3
x =2
(2) = 3(1) -2z = -Y
z=4
(2.1,4)

13. a. The two lines intersect at a point.
b. The two planes are parallel and do not meet.
c. The three planes intersect at a point.
M4a. L(x—y=1)+(yv+z=-3)

=y +z=-72
L 0 :
y—z=0,x = ——
-y ; 3
x+z:=-2
1
J +::_.2
(-3)
s 3
=73
y—2z =10
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(O Ty < (11

= 3) =3 .
()-(3)- ()0
D =]
-yt +1=10

9.4 The Intersection of Three Planes,
pp. 531-533

La v -3y+:=2
Ov 4y =z = -1
\ ()\ - ()~\; 4 :71: = ]2

The system can be solved by first solving equation (3)
for 2. Thus.

3z = —12
= —4

H we use the method of back substitution. we can
substitute z = -4 into equation 2 and solve for y.
v (—d) =~

v=-5
If we substitute y = — 5 and z = —4 into equation (1)
we obtain the value of x.
x—=3(=5)—-4=20rx=~9
The three planes intersect at the point with
coordinates (—9. —5. —4)
Check:

Substituting into equation (1:
x=3y+z==-94+15-4=2
Substituting into equation (2:
Ox+yv=—z==5+4= -]

Substituting into equation (3: Ox + Oy + 3z = —~12
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b. This solution is the pomnt at which all three
planes meet.
T oy y+z=4

@ 0x + Oy + 0z =0

G0y + 0y + 0z =0
The answer may vary depending upon the constant
vou multiply the equations by. For example.
X{x—y+z=4)=2x—2v-+ 2z =8
X (v — v+ 7 =4)=3yx — 3y + 3z =12
3y =3y + 3z = 12and 2xv — 2v + 2z = Sare

2.a. (L

e

i

(IS ]

equations that could work.
b. These three planes are intersecting in one single
plane. because all three equations can be changed
into one equivalent equation. They are coincident
planes.
¢. Setting v = rand v = s leads to
i{—s+z=dorz=5~1+4 s5.1eR
d. Setting v = rand z = s leads 1o
x~t+s=dorx=1-s5+4 s57eR
) v -y 43z = =2

@ x-y+d4z=3

3 0x + 0y + 0z =1
The answer may vary depending upon the constants
and equations you use 1o determine your answer.
For example.
Equation (D + equation (& + equation (3 =

(2x — y + 3z = —2)

+ (x =y + 4z = 3)

+ (0x + 0y + 0z = 1)

3x - 2v + 75 =

B2 o 50

or
P

2 x equation (2 — equation (&
(2x = 2y + 8z = 6)

= (Ox + 0v + 0z = 1)

2¢ = 2v 4 8z =5
2v =y + 3z = -2 x—y+4z =3 and

3v — 2y + 7z = 2is one system of equations that
could produce the original system composed of
equations (1, 2
2v = v+ 3z ]
2v — 2y + 8z = 5is another system of equations
that could produce the original system composed of -
equations (U, (D, and .
b. The systems have no solutions.
4.a. x+2v—-z=4

@ x+0y~-22=0

@ 2x+ 0y +0z= -6
The system can be solved by first solving equation &
for x. So,
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2v= —6

x=-3

1f we use the method of back substitution, we can
substitute x = ~ 3 into equation (2 and solve for .
=3-2:=0

2
If we substitute v = —3and z =
we obtain the value of y.

N RN |
=342yt =dory = T

F

<

3. . -
—3 into equation (D

The equations intersect at the point with coordinates
(=3.%.-3)

Check:

Substituting into equation !
Yy A2y —z= -3+ 2 +3=4
Substituting into equation 2):
X+ 0y ~2z=-3+3=0
Substituting into equation (3: 2x + Oy + 0z = —6
b. This solution 15 the point at which all three
planes meel.

—)
-

p

s

NG

5.oa. (D 2x — y + 7 =1
@ X+ y-z= 1
D -3¢ - 3“\"’ + 3z =23
Since equation &) = - equation (2, equation @

and equation (3) are consistent or lie in the same
plane. Equation (1) meets this plane in a line.

b. Adding equation (2 and equation (1) creates an
equivalent equation, 3x = 0 or x = (). Substituting
x = ) into equation (1 and equation @ gives
equation ) z — y = 1 and equation &

y -~ z = —1. Equations & and (5) indicate the
problem has infinite solutions. Substituting y = 1
into equation (3 or (5 leads to
x=0y=randz=1+11eR

Check:
200) - s+ (s+ 1) =1
D+s—-(s+1)= -]
=3(0) —3(s) + (s + 1) =3
6. (D 2x+ 3y —4z= -5
@  x - y+3z=-20l
@ 5x — Sy + 15z = — 1004

There is no solution to this system of equations,
because if you multiply equation @ by 5 you
obtain a new equation, Sx — 5y + 15z = — 1005,
which is inconsistent with equation 3.

7. a. Yes when this equation is alone, this is true,
because any constants can be substituted into the
variables in the equation Ox + Oy + 0z = 0 and the
equation will always be consistent.

9-16

b. Answers may vary. For example: To obtain a no
solution and an equation with Ox + Oy + 0z = 0,
you must have two equal planes and one parallel
distinct plane. For example one solution is:
X+y+g=12
2x + 2y + 2z =4
3x 4+ 3y + 3z = 12
8.a. () 2x+y—z= -3
@ x-y+22=0
@3x+2y~—z=-5
2 X equation (2 + equation 3 = 5x + Oy + 0z
= —5which gives x = — 1.
Equation (D + equation (2 = 3x + Oy + Iz
= - 3. Substituting x = 1 into this equation leads
to: 3(=1)+ z= —~3orz=0.
Substituting z = 0 and x = ~ 1 into equation (I
gives: 2(~1)y — 0= -3ory=—1.(~1,-1,0)
1s the point at which the three planes meet.
Check:

Substituting into equation (D:

kb y—z=-2—14+0=-3
Substituting into equation (2):
X—y+2z=—-1+1+0=0

Substituting into equation 3:
3~\’+2‘)’"Z:_3_2+():_5

ORI A
bn \ﬁlﬂ/ ,% 4 %‘ & T 8

O2v+ 2y =3 - - 20

& x—=2y+3z=2
Equation ) + equation (3 = 3x + 0y + 0z = — 18
which gives x = - 6.

S 5
~y = —jor
—~6and y = 3 into equation

Equation 3 — 3 X Equation (D =
y = 4. Substituting x =
leads to:

1
~6*2<E)+3z:2orz:3.

(— 6,14, 3) is the point at which the three planes meet.
Check:
Substituting into equation (D:

X % 1 7
N N Ly e o e
37477 2oyt 3Ty

Substituting into equation O:
2x + 2y =3z =-12+1-9=-20
Substituting into equation 3):

X=2v+3z=-6-1+9=2
. Dx—y=—-199

@ x+z=-200

&y -z=201

Equation (O + equation (3 = equation (3

=x4y=1

Chapter 9: Relationships Between Points, Lines, and Planes



Equation (& + equation (D = 2x = —198 or

v = ~99 Substituting x = —99 into equation (D
leads to:

=99 -y = — ]‘)9 or y = 100. Substituting x = —99
into equation (2. you obtain:

=99 + 7 = ~2()() orz = —101

(—99, 100, — 101
planes meet.

} 1s the point at which the three

Check:
Substituting into equation (1):
=y = =99 — (100) = —199

Substituting into equation (2):

X +z=-99 — 101 = -200

Substituting into equation (3:

y—z =100 - (= 101) = 201

d. (T).\‘ —yv-z= -]

2 y-2=0
), x+1=5

Rearranging equation (2 gives y = 2. Solving for x

in equation (3 gives x = 4.

Substituting v = dand y =

leads to:

4 -2 ~z=~lorz =3,

(4, 2. 3} is the point at which all three planes meet.

9.0 x—-2y+z=3

@ 2x+3y-z=-9

PS5y =3y + 2z = (

I8l

Equation (3 + equation () =
=Tx+ lz= -9,
Setling z = 1. x = —471 —
Equation (2 — 2 X equanon ® =
=7y + -3z = ~15

f\

|

2 into equation (D)

&

equation (3
U

equation &

Setting z = 1.y = =% + 3¢
x=—4r—3yv=-%4+3 andz=rreR The
planes intersect in a line.
b.Wx-2y+2z=3

Q@ x+yt+tz=2

®Ox-3y+z=-6
Equation @ — equation @ = =4y = —~8ory = 2

Equation @ - equation O = =1y = —9ory =9
Since the solutions for v are different from these
two equations, there is no solution to this system of

cquations.

. x—v+z==-2
@D x+y+z=2
Gx-3y+z=-6

Equation (D' + equation (O = equation ()
= 2x + 2y = (.
Setting z =1, x = —1t
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Using z = rand x = — 1. Solve equation (1)
~t—y+=-2ory=2
x=—rv=2andz = r1ekR
The planes intersect in a line.
10.a. 0 x—- v+ =2
@2c-2v+2:=4
O X+yv—z=-2
Equanon ) + equation ROE cqualmrM )
=2x = Qorx = (.

Semng 7=
Equation (0: 0 — vy + 1= 2o0ry
=0, y=1r-2.andz = 1.1eR
b. (D 2 — y + 3z = 0
@ dx -2y +62=0
@ -2x+y-3:=0
Equation (' + equation (3 = equation (4
=2v=0orx = (.
Setting v

= [ — 2

= rand z = s. equation (U

[ — 3s
2x =1+ 3s =0o0rx = ———
2
1 — 3s

X =Y = and z = 5. 5.7eR
1l.a. @ x+v+z=1

@ xv=2v+z=0

@ x—y+z=0
Equation (D — equation 3 = equation (&

=2y=lory=1

Equation O - equation 3 = equation (%)

=~y =(ory=10

Since the y-variable is different in equation () and
equation (3. the system is inconsistent and has no
solution.

b. Answers may vary. For example: If you use the
normals from equations (1, &, and 3, you can
determine the direction vectors from the equations’
coefficients.

mo= (111
o= (1.-2.1)
A= (-1 )

m, = nl Xy = (3.0, -3)
m, = n] Xy = (2,0, -2)
my =1, Xn; = (—-1,0,1)
c¢. The three lines of intersection are parallel and are
pairwise coplanar, so they form a triangular prism.
d. 7, X ;i perpendicu]ar 1o 113. So since,
(11; X 13) - 15 = 0, a triangular prism forms.
12, a.@r~y+%=3
@Dx—-y+3z=6
@ 3x-5z=0

Il
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Equation (I and equation (2 have the same set of
coefficients and variables, however, equations (D)
equals 3 while equation 2) equals 6, which means
there 15 no possible solution.

b. (D 5x — 2y + 3z = |
x — 2y + 3z = ~1
35y~ 2v+32=13

All three equations equal different numbers so there
15 no possible solution.
¢ x—-y+z=9

2v =2y +2z =18

®2x =2y + 2z =17

i

Equation 2) equals 18 while equation (3 equals 17,

which means there is no possible solution.
d. The coefficients of equation (D are half the
coefficients of equation (2), but the constant term
is not Imlt the other constam term.
v—2z=10
\7\x+v+(‘)z:7

GBOx+y—-z=8
Pquuuon (D = 2 X equation O — thldll()n 3

=4y = =12 or y = 3. Substituting vy = 3.into
equation @ and equation & gives:
x+3+0z=To0rx =4
Ox +3—-z=8o0rz = -5
(4.3.-5)
b. ) 2x—~y+z=-3

& a+ y — 2z =1

@ 5x + 2y = 52 =0
Equation (D + equation : 3x — z = —2.
Settingz = t,x = L%ﬁ
Equation (D — 2 X equation @: =3y + 5z =
S S5t+ 5
Setting z = 1,y = 3

=2 st
Y = 3 Ly = 3 =teR
c. (U x+ty—-—z=0

@ 2x—y+z=0

®dx —5y +5z=0
Equation (D' + equation @: 3x = 0 orx = 0
Setting x = 0 and z = ¢ in equation @ gives,
20—y +1=0ory =1
y=0,v=1rz=1nteR
d. @ x — 10y + 137 = —4

@ 2x - 20y + 267 = —8

® x— 10y + 13z = -8
If you multiply equation @ by two, you obtain
2x — 20y + 26z = —16. Since equation O and
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fz |

equation (3 equal different numbers, there is no
solution to this system.
e. (I r = ~2

- =2
Fquanon U + equation : =2y = —dory =2
Setting y = 2 and z = rin equation O8N
X—2+1=-20rx = —1
x=—ry=2z=rteR
.0 x+y+z=0

’

Oy =2y +3:=0

D2x = v+3z =10

Equation (1 —~ cquznion (2 = equation &
=3y — 2z =

Equation (3 — 2 X equation (2
=3y~ 37 =0

Equation (4 = equation (3
Setting z = 0 in equation (1) dnd equation
Equation (&) = x + y = ()

Equation D = x = 2y = 0

Equation (& — equa[n()n (T 3y =0 ory = 0
Setting v = 0 and z = 0 in equation {1 leads to
x=10

(0.0,0)

14. a. First. reorder these equations so that equation
N

(2 is first. equation (3 is second, and equation (I
last. '

& x-=y+z=0p

@dx + gy + 7 =2

@ 2wv+y+z=4

To eliminate x from the last two equations, subtract
4 times equation () from Lquution (2, and subtract
2 times equation (D) from equation (3

J X—y+z=p
D(g+4)y~3:=2—4p
® 3y—z=4-12p

There will be an infinite number of solutions if

g +4=9and 3(4 — 2p) = 2 — 4p because then
equation (U will be 3 times equation (3). This means
thatp =g =

b. Based on what was found in part a., substituting
inp =g =5 we will arrive at the equivalent system
Ox - y z=5

@ 9y —-3z=-18

® 3y-z=-6

which is really the same as

DOx-y+z=5

@ 3y-z=-6
Letting z = 1. we see that equation (2 delivers
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and so equation (1 gives

| .
= 7‘ ([ - 6) - [ -+ 5

2
= —=1+ 3

3

So the parametric equation of the line of
mtersection is

2 ]
v= - p4 3 y=-7-2z=r1eR.
3 K

15. a. First. eliminate v from two of these equations.
To make things easier. switch equation (U with
equation (2. and multiply equation 3) by 2.

3+

3z = —8
)z

Vot
(3 =Ty + 2m° ~ 15)z = 2m + 4
Now eliminate v from the third equation by using a
proper multiple’of the second equation.
W 2x+v+z= -4
v+ =0
3 (2m* = 8)z =2m + 4
If 2m* — 8 = 0 (the coefficient of z in the third
equation)..then m = = 2. However, if m = 2. the
third equation would-become Oz = §, which has no
solutions. So there is no solution if m = 2.
h. Working with what was found in part a., if m # *£2.
then the third equation in the equivalent system found
there will have a unique solution for z, namely

2m + 4
2mm* = 8
and back-substituting into the other two equations
will give unique solutions for x and v also. So there
is a unique solution if m # =2,
c. Again using the equivalent system found in part a.,

<

setting m = —2 will deliver-the third equation 0z. = 0.

which allows for z'to be anything at all. Som = —2
will give an infinite number of solutions.

162D —+— -~ =0
302 13
+__

C

A =

-

6
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4 2 3

\\} T I

T a b ¢
Equation & — 2 X equation (U:
4 13

L

— o — = e = equation (3)

b ¢ 6 d 6 7

Equation (3 — 4 X equation (1: T
h ¢

- 5 BN
my =00 X0 =(-1,0.1)= 5 = equation &
Equation & + 6 X equation (:

31 i
== 1550r¢ =12
.

Substituting ¢ = 2 into equation (3:
: + 2 > h==6

=—orh=

b 6 )
Substituting ¢ = 2 and b = 6 into equation (1)

1 1
- 4 - — - = ) or :3
" 6 5 Jora

{3.6.2)

9.5 The Distance from a Point to a
Line in R? and R3, pp. 540-541
lLadc+4y-5=0
[Ax, + By, + C|

VA2 + B?
13(—4) + 4(5) — 5]

d =

d =

R

b. 5y = 12y + 24 = (
!A-"n + B_\"n + C
d= e
VA4 B
15(=4) = 12(5) + 24]

56
= ?& or4.31

¢.9x — 40v =0
_ |Axy + By, + C|

d

~\ /AZ + BZ
; 19(—4) — 40(5)]
( =

- 230 or 5.76
V1681
2a.2x —y+ 1 =0and2x -y + 6 =0
In order to find the distance between these two
parallel tines. you must first find a point on one of
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the lines. It is easiest to find a point where the line
crosses the x or y-axis.

2(0) = y + 1 = 0ory =1 which corresponds to
the point (0, 1).

. |Axy + By, + C|

d e
VA + B?
;1200 - 1(1) + 6]
a = ——
V22 + (—1)
5
= —— or 2.24
V'S

b. 7x — 24y + 168 = 0and 7x — 24y —~ 336 = 0
In order to find the distance between these two
parallel lines, you must first find a point on one of
the lines. It is easiest to find a point where the line
crosses the x or y-axis.
7(0) — 24y + 168 = 0 or y = 7 which corresponds
to the point (0, 7) ’
. [Axy + By, + C|

VAT + B
d = [7(0) — 24(7) — 336|

V74 (=247

%Qg or 20.16

it

Joar=(~-1.2)+s34).5eR
We start by writing the given equation of the line in
parametric form. Doing so gives x = —1 + 3¢,
y = 2 + 4s. We construct a vecior from R(—2,3)
1o a general point on the line.
a=[=2~-(~1+35).3~ (2+4ds)]

= (-1 3s5.1 ~ 4s).
(3.4)- (-1 - 35,1 ~4s) =0

(=3 -9s)+ (4~ 16s) = 0
1
25
This means that the minimal distance between
R(—2,3) and the line occurs when s = 5.
This point corresponds to (— 32, 33). The distance
between this point and (~2,3) is 1.4.
b.7 = (1,0) + 1(5,12),1eR
We start by writing the given equation of the line in
parametric form. Doing so gives x = 1 + 5r,
y = 121. We construct a vector from R(—2,3) to a
general point on the line.
d=[-2~(1+513-(120)]

= (=353~ 12).
(5,12) - (=3 -5,3~-12t) = 0

s
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(=15 = 251) + (36 — 1441) = 0

This means that the minimal distance between
R(~2.3) and the line occurs when ¢ = 7.
This point corresponds to (5%, 33 ). The distance
between this point and (—2, 3) is about 3.92.
e&.7=(1,3)+p(7.-24).peR
We start by writing the given equation of the line in
parametric form. Doing so gives v = | + Tp,
y = 3 — 24p. We construct a vector from R(—2.3)
to a general point on the line.
d=1[-2-(1+7p),3— (3 - 24p)]

= (-3 = Tp,24p).

(7,-24)- (=3~ Tp,24p) = 0
(—21 —49p) + (—576p) = 0
2
P~ 65
This means that the minimal distance between
R(—2,3) and the line occurs when p = — 2k

This point corresponds to (72, 22).
The distance between this point and (—~2.3) is
about 2.88.

g.a.q = A0t Byt €]
VA + B?
If you substitute in the coordinates (0, 0), the

formula changes to d = A(0) + B(_D) + Cl
) VAT + B?

b.3x =4y —12=0and3x -4y + 12 =0

oy -1 =12
s Vis (—4)
o
o5
, _ e 112
= s Vs ey
R
=

The distance between these parallel lines is

% 4+ £ = ¥ because one of the lines is below

the origin and the other is above the origin.

€.3x —4y - 12=0and3x — 4y + 12 =0

In order to find the distance between these two
parallel lines, you must first find a point on one of
the lines. It is easiest to find a point where the line
crosses the x or y-axis.
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3(0) — 4y — 12 = O or y = ~3 which corresponds
to the point (0. 3).
|Ax, + By, + C|
VA + B
[3(0) — 4(~3) + 12|
V324 (—4)
24
o5
Both the answers to 4.b. and 4.c. are the same.
S.a.7=(-2.1)+s(3.4).5eR
F=(1,0)+1(3.4).1eR
First find a random point on one of the lines. We
will use (—2.1) from the first equation. We start by
writing the second equation in parametric form.
Doing so gives x = 1 + 3ty = 4r. We construct a
vector from P(—2.1) to a general point on the line.
a=[-2-(1+ %t) I — (41)]
= (=3 =301~ 41).

d =

(3.4) - (=3~ 3.1 =4y =10
(=9 =90+ (4 - 161) =0
1
= —=
: d
This means that the minimal distance between
P(—2.1) and line occurs when ¢ = —1. This point
corresponds to (2. —3). The distance between this
pointand (—2:1)1s 3
WE S A S Rt
4 -3 4 -3

First change one equation imo a Cartesian equation,
which leads to 3x + 4y — 3 = 0 and take a point
from the other equation such as (4, —4).
|Ax, + By, + C]|
VA*+ B’
_13(4) +4(-4) - 3]
3+ 47

a =

=—orl4
5

e.2x —3y+ 1 =0and2x ~ 3y -3 =10

In order to find the distance between these two
parallel lines, you must first find a point on one of
the lines. It is easiest to find a point where the line
crosses the x or y-axis.

2(0) — 3y — 3 = 0 ory = —1 which corresponds
to the point (0. —1).

Calculus and Vectors Solutions Manual

1 Axy + By, + (]

d = i
\/A B“
2(0) ~ *(“1) + 1]
d = e e
\/'7 + (__3)2
4
= = or |
\/"H
d. Sy + 12y = 120 and 5x + 12y +120 = (

In OldCl to find the distance between these (wo
parallel lines. you must first find a point on one of
the lines. It is easiest to find a point where the line
crosses the v or v-axis.
5(0) + 12v = 120 0ry =
the point (0. 10).

[Ax, + By, + C]

10 which corresponds to

d = St
VAT + B
5(0) + 12(10) + 120
d = p—
VSt )2
240
= wl*- or 18.46
6.a.P(1.2.-1)7 = (1.0,0) + s(2. —1.2).5eR

We start by writing the given equation of the line in
parametric form. Doing so gives x = 1 + 2Zs.

y = —s.and z = 2s. We construct a vector from
P(1.2.~1)to a general point on the line.

=01 (1+2).2= (=s). =1~ (25)]
= (—25.2 4+ 5.1 = 2s).
(2.-1.2) - (=25.2 + 5, =1 = 25) =0
(=ds) + (=2 —s5)+ (-2—-45) =10
4
5 = “‘6
This means that the minimal distance between
P(1.2. —1) and the line-occurs when s = = —3.

This point corresponds to (5.3, —5). The distance
between this point and P(1,2, —1)is 1.80.
b. P(0,-1,0)7 = (2,1,0) +1(—4,5,20),1eR
We start by writing the given equation of the line in
parametric form. Doing so gives x = 2 — 41,
y =1+ 5t,and z = 201. We construct a vector
from P(0. —1,0) to a general point on the line.
d=1[0-(Q2=40),-1—(1+5),0- (201)]

= (=2 4+ 41, =2 — 51, 201).

(—4,5.20) - (=2 + 41, -2 - 5,-200) = 0
(8 — 161) + (=10 — 251) + (—4001r) = 0
_ 2
! 441
This means that the minimal distance between
P(0. —1.0) and the line occurs when 1 = —gr.
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This point corresponds 1o (33 5. — J"I) The

distance between this point and P(0. L0) s 2.83.
. P23, )7 =p(l12.-3.4).peR

We start by writing the given equation of the line in

parametric form. Doing so gives v = 12p. v = —3p,

and z = 4p. We construct a vector from P(2. 3. 1)
to a general point on the line.

a={2-=(12p).3 ~ (=3p). 1~ (4p)]
= (2~ 12p.3 + 3p.1 - 4p).
(12.-3.4) - (2 - 12p. 3+ 3p. 1 = 4p) =0
(24 = 144p) + (=9 = 9p) + (4 — 1op) = 0
19
AT

This means that the minimal distance between
P(2, 3. 1) and the line occurs when p = 1%. This

point corresponds to (325 — 2L ,,(Z)) The distance
between lhl\ pmm and P(2, 3. 1)1s 3.44.
7.&12 1.0) + \(712).‘;R

(~- L2y 4 (2.1.2) 1R
First hnd a random point on one of the lines. We
will use P(—1, 1, 2) from the second equation. We
then write the first.equation in parametric form.
Doing so gives x = 1+ 25, y =] + 5, and
7= O+ 2s. We construct-a vector from P{(—1,1,2)
to a general point on the line.

a = {! = {1+ 25) 1 = {1 +5),2 — 2]
(2~ 25,2 = 25).
(2"2‘ (=2 —2s,=5.2 — sy =10
(-4 —4ds)+ {—s)+ {4 —-4s5) =0
s = 0
Thi@ means that the minimal disiance between
P(--1,1,2) and line occurs when s = (. This point

t“oucsponds to (1.1.0 ) The dmdnu between this
poml and (~1,1,2)1is 2
b.r = (3,1, —2) + m(l. 1, 3),meR
F=(1,0,1)+n(l.1.3).neR
First find a random point on one of the lines.
We will use P(1, 0, 1) from the second equation.
We then write the first equation in parametric form.
Doing so givesx = 3 - m, v = 1 + m, and
= —2 + 3m. We construct a-vector from P(1, 0, 1)
to a general point on the line.
a=[1-G+m).0—-(1+m).l~(-2+3m)]
= (=2 - 3m,—1 — m, 3 — 3m).

(LL,3)-(=2-=3m, -1 —-m,3-3m) =10
(=2 =3m)+ (=1 -m)+(9-9m)=0
6
m=
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X = =1y

ThiS means that the minimal distance between

. 0. 1) and line occurs when m = {%. This point
u)nuponds 1o (5. i’ -ﬁ) The distance between
this point and (1,0, 1) 1s 2 ’8
8.a.7= (I ~]‘2) +s(1.3.~1).5eR
First we write the equzxtion in parametric form.
Doing so gives x = | + 5. v = ~ | + 35, and
z = 2 — 5. We construct a vector from P(2, 1. 3) o
general point on the line.
=2 =(1+s). 1= (=1+3).3~ (2~ s)]
=1 5.2 - 3s. l + ).

C

~
[ o=

(1.3, =1y (1 — 5.2 = 35, l + s)
(I —s)+ (6-‘)5) + §) =
()
§ o e
i

This means that the minimal distance between

P(2. 1. 3) and line occurs when s = . This point
7 I

corresponds 1o (1. . 1%).

b. The distance between (7. %) and (2. 1.3)
15 1.65.
9. First, find the line L of intersection between the
p]anu
-y + 2z =12
X+ y-g=-2

Suhtra(l the first equation from the second 1o
eliminate x and get the equivalent system

L7 = L
Let z = 1. Then the second equation gives

2y = 3t —4

S 2
) oI e [ e
) 5

So substituting these into the first equation gives
x=y-2z+72

2 —2>~~2 )
2[ ) [

—=1
2

So the equation of the line of intersection for these
two planes in parametric form is

i

i

1 3 , R
[ = e e o=
X 21‘,,\ 2/ 25 Z I.reK.
The direction vector for this line is (4.3, 1),
which is parallel to (—1.3.2). So, to mal\L things

easier, the parametric form of this line of
intersection could also be expressed as
=31 —-2.z=2t1eR

In vector form, this is the same as
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L=2.0)+ 1(~1,3.2).1eR.
Since (0. —2.0) 1s on this line,
OF = (=1.2.=1) = (0. =2.0)
= (—1.4. 1)
So the distance from P(—1.2. = 1) to the line of
intersection 1s

~1.3.2)
(=1 =3 =)
(- 132)
IE
= 3.06

To find the point on the line that gives this minimal
distance. let (v, v. 2) be a point on the line. Then,
using the parametric equations.

(voyoz) = (—03— 2.21)

So the distance from P 1o this point is

Ve 1P (y = 2) (2 1)

=NV =0 B4y (204 1)

= V1407 - 220 + 18
To get the minimal distance, set this quantty
equal to /5. ;

!
“““““““““““““““““ = (131
NG = 220+ 18 =
\/ 14

> 131

147 — 2214 18 = —

14

19617 — 3087 +252 = 131
19677 — 3087 + 121 = 0

| =

So the point on the line at minimal distance from P is
(v.v.z)y = (—1031.-2.21)

(2)-22)

(-2
"\ 147147 14

10. A point on the line

F=(0,0,1) +s(4.2.1),seR.

has parametric equations

x=4ds v=25.z=1+s5.5eR.

Let this point be called

Q(4s.2s, 1 + s). Then

OA = (2.4.-5) — (45.25.1 + 5)
= (2 —4s.4 - 25, -6 — 5)

Calculus and Vectors Solutions Manual

If O is at minimal distance from A, then this vector
will be'perpendicular to the direction vector for the
fine, (4,2.1). This means that

0= (2—45.4—25.—6 —5) (4.2.1)
=10 — 21s
10
§ = =
21

So the point Q on the line at minimal distance from
Ais

10 10 10
5. 251+ sy =04l — .2l — ] 1 + —
Qs .1+ Q(&J'@J +m>
/40 20 31
== ) «-——‘———_—.‘.___.
Q(QI 21 21>
Also

. 40 20 31
{=(2-2 42 5
Q7 (2 2107 21 21)

_ (ﬂ 64 ,_l3fl>
2021 2

So the point A" will satisfy
OA" = ~0A

_ < 2 64 l?.‘z)
T\ 210 210 21

Q

(a2 3
= 1a 21) 216 Y

4 67 3
—# and ¢ = % That is.

|

!
>
—_
~
=
o
o~
N
[

Soa=35.b=
A -3,
11. a. Think of H-as being the-origin, E as being on
the x-axis, D as being on the z-axis. and G as being
on the v-axis. That 1s.
H(0.0.0)
E(3.0,0)
G(0.2.0)
D(0.0.2)
and so on for the other points as well. Then line
segment HB has direction vector
B(3.2.2) = H(0.0,0) = (3,2.2).
Also. HA = (3,0.2). So the distance formula says
that the distance between A and line segment HB is
- 1(3,2.2) X (3.0.2)]
TG

4.0, 6]

1(3.2,2)]

/:ﬁ%
V17
=175
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b. Vertices D) and G will give the same distance to
HB because they are equidistant to the segment HB.
(This is easy to check with the distance formula
used similarly to part a. The vertices C, E, and F
give different distances than those found in part a.)
¢. The height of triangle AHB was found in part a.,
and was \/ 3. The base length of this triangle is the
magnitude of HB = (3.2.2), which is \/52. So
the area of this triangle is

1 52 - ] -
()i =5 o

17
= 3.6 units’

9.6 Thé Distance from a Point to a
Plane, pp. 549-550 |

1. a. Yes the calculations are correct, Point A lies in
the plane.
b. The answer 0 means that the point lies in the
plane.
2. Use the distance formula.
g = [Ax, + By, + Czo + D
VAT + BTy (2

a. The distance from A(3, 1, 0) to the plane
200 —dy + 5z +7 =015
2003y + —4(1) + 5(0) + T

V20T + (=4 + 5

d =

b. The distance from B(0, — 1, 0) to the plane
2v +y+ 22 -8=01s
_]2(0) + 1(=1) + 2(0) — 8|

V2 1T+ 2
=3
¢. The distance from C(5, 1, 4) to the plane

3x =4y — 1 =01s
O 13(5) + —4(1) + 6(4) ~ 1]

V34 (—4) +

d

d

=2
d. The distance from D (1,0, 0) to the plane
Sx — 12y = 018
[5(1) — 12(0) + 0(0) + 0]
(1 = 2 vl
VST (—12) + (P

-2 - 0.3%8
13Ol .
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e. The distance from £(—1.0. 1) to the plane
18x = 9y + 18z — 11 = 015
_H8(—=1) = 9(0) + 18(1) — 11

VI + (=9)7 + 18

11
= 5_} or 0.41

3.a. 3¢ + 4y — 12z — 26 = O and
3x +4y - 12z +39=0
First find a point in the second plane such as

Ax, + By, + Cz, + D
=3.0.0). Then use d = et 1
( ) ‘ VAT + BT+

to solve.
; [3(—=13) + 4(0) — 12(0) ~ 26|
d =

V34 42+ (—12)

=5
b. 3x + 4y — 12z - 26 =0
+ 3x 4y - 122+ 39 =0
6x + 8y — 24z + 13 =0
¢. Answers may vary. Any point on the plane
bx + 8y — 24z + 13 = 0 will work. for example

(=4 0.3).

4. a. The distance from P(1. 1. —3) to the plane
y+ 3 =01
01 £ 1(1) + 0(=3) + 3]

{ s

0F + (1) + 0°

=4
b. The distance from Q{~1.1.4) to the plane
x—=3=0is
’ [1(—1) +0(1) + 0(4) — 3]
[ puasng

V12 + 0+ (2
=4

¢. The distance from R(1.0, 1) to the plane
z+1=20is
g 10(1) + 0(0) + 1(1) + 1|

VO + 07+ 1
=2

5. First you have to find an equation of a plane to
the three points. The equation to this plane is
14x — 28y + 28z — 42 = (. Then use
d = [Ax, + By, + Cz, + D
VAT BT+ (2
g [14(1) — 28(—1) + 28(1) — 42|
V142 + (-28)% + 282

2
= ; or 0.67

! . .
- to solve for the distance.
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A(3) = 2(=3) + 6(1)+ 0]
VAT e
WV(AT +40) = 34 + 12]
V(AT +40) = 1A + 4]
AT+ 40 =A%+ 8A + 16
24 = 8A
3=A

A = 3is the only solution to this equation.
7. These hines are skew lines. and the plane containing
the second line, ¥ = (0.0.1) + 1(1.1,0).reR.
that is parallel to the first line will have direction
vectors (1.1, 0) and (3,0.1). So a normal to this
planeis (1.1.0) X (3.0.1) = (1. —1.=3).
So the equation of this plane will be of the form
x -y — 3z + D= 0. We want the point (0.0.1)
to be on this plane. and substituting this into the
equation above gives D = 3. So the equation of the
plane containing ¥ = (0.0. 1) + 1(1.1.0).reR
and parallel to the {irst line is
x—y~—3z-+3=0
Since (0. 1. — 1} 1s on the first line. the distance
between these skew fines is the same as the distance
between this point and the plane just determined.
By the distance formula, this distance 1s
Lo =) =3 1) 4 3

VI (= 1)+ (=3)

2 -

D, N =

,,,,,,

= 1.51.
8. a.-bh. We will do both of these parts at once.
The two given lines are :
7= (1.-2.5) +s(0,1.-1).seR,
F= (=1 -2y +1(1,0, - 1).1eR.
By converting to parametric form, a general point
on the first line is
U(l.s = 2.5 = s).
and on the second line is
V(L + 1 —1.-2=1).
So the vector
UV={(.1-s.s—1-17).
If the points U and V are those that produce the
minimal distance between these two lines, then uv
will be perpendicular to both direction vectors,
(0,1, —=1)and (1,0, —1). In the first case, we get

=8 — 25 + 1
f=2¢ — 8
In the second case. we get
0= (1.1 ~-s.5 =17y (1,0, —1)

Calculus and Vectors Solutions Manual

=2t—s5+7

we get

225 = 8)—s+71=0

§ =3
=25 -8
1= -2

Substituting these values for s and rinto U and V.
we gel
U(1.1.2)
V(-1.~-1.0)
So U(1.1.2) is the point on the first line that
produces the minimal distance to the second line
at point V(- 1. — 1. 0). This minimal distance 13
given by
OV = (=2 ~2.~2)]

= V12

= 346

Review Exercise, pp. 552-555

1.2x — y = 31, x + 8 = =34, 3x + ky = 3§
(2x — y=31) — 2(x + 8y = =34)

=0 - 17y =99
99 214
y = e LX =
’ 17 17
214° =99
3|+ kl—— ] =38
17 17
4
k= ——
99
2. O x—-y=13
@ 3x+2y= -6
® x+2vy=-19

(2 x Equation (1)) + equation @ = 5x + Oy = 20
or x = 4. Substituting x = 4 into equation (1) gives
(4) — y = 13 ory = —9. However, when you
substitute this coordinates into the third equation,
the third equation is not consistent, so there is no
solution to this problem.
3a® x-y+2z=

@ 2x -2y +3z=1

@ 2x—-2y+z=1
Equation 2) — equation 3)= 5z = —10or
z = —2. Substituting z = —2 into all of the equations
gives

@ x—-—y-4=3

& x—-2y-6=1

©® 2x—-2y—2=11
There are no x and y variables that satisfy these
equations, so the answer is no solution.

W

]
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Sy by 4z =300

Dox v -z =98

By =y o+ =100

Equation 2) + equation 3) = 2x = 198 x = 99.

Substituting x = 99 into all three equations gives:
@y 4z =201

& y-—z=-1
© -y+z=1

Equation (4) + equation (53 = 2y = 200 or

v = 100. You then get z = 101 after substituting

both x and y into equation (1).

(99. 100. 101)

Check:

(M 99 + 100 + 101 = 300
99 -+ 100 — 101 = 98
(399 — 100 + 101 = 100

4. a. These four points will lie in the same plane if
and only if the line determined by the first two
points intersects the hine determined by the last two
points. The direction vector determined by. the first
IRIVED
a = {(7.-5.1) - (1.2.6)
= {6, 7.5}
So these first itwo points determine-the line with
veclor equation
7o (12,6 + s{6-T7-5),5eR.
The direction vector determined by the Iast two
poInts is
b=1(-3506)~ (1.1.4)
= (—~4.4.2)
So these first two points determine the line with
vector equation
F=(1.1.4) +1(—4.4,2),1eR.
Converting these two lines to parametric form, we
obtain the equations
O 1+6s = 1~4
@ 2-75 = 1+ 4
@ 6-5 =4+
Adding the first and second equations gives
3 - 5= 2.s0s = |. Substituting this into the third
equation, we get
=4+ 2
-3 =2
So 1 = —3. We need to check this s and 1 for
consistency. Substituting s = | into the vector
equation for the first line gives
7= (1.2.6) + (1)(6.-7,-5)
= (7.-5.1)
as a point on this line. Substituting t = —3 into the
vector equation-for the second line gives

it
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F=(1.1.4) + (——j—)(—w. 4.2)

L

(I.1.4) + (6. —6.~3)
(7.-5.1)
as a point on this line. This means the two lines
intersect, and so the four points given lie in the
same plane.
b. Direction vectors for the plane containing the
four points in part a. are (6, —7. —5) and
(—4.4.2). So a normal to this plane is
(6. —7,=-5) X (—4.4,2) = (6,8, —4).
We will use the parallel normal (3.4, —2). So the
equation of this plane is of the form
3x +4y - 22+ D =0.
Substitute in the point (1, 2.6) to find D.
3(1) +4(12) - 2(6) + D=0

D =1
The equation of the plane is
3x +4y ~ 2z + 1 = 0.
So. using the distance formula. this plane is distance
/= 13(0) + 4(0) ~ 2(0) + 1!
o (3.4.-2)

from the ongin.
5. Use the distance formunla
d = [Axy + By, + Czy + D]

VAT + B+ C

a. The distance from A(—~1.1,2) to
3x =4y -~ 12z -8 =0

13(=1) = 4(1) — 12(2) — 8]
d = = =

V3 + (—4) + (- 12)
=3

b. The distance from B(3.1, —2) to
8x — 8y +4z -7 =0
d= I8(3) — 8(1) +4(-2) - 7]

V8 + (=8) + (4)

1
= "15 or 0.08

6.7=(3,1,1)+1(2,-1,2),1eR
3x—4y —52=10
Find the parametric equations from the first
equation, then substitute those equations into the
second equation. Solve for 1. Substitute that r-value
into the first equation.
F=(31,1)+ 12 —1.2),teR

=3+ 2
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yv=1 -7
=1+ 2
33+ 20) -4 = 1) = 5(1 + ) =
1 can be any value to satisfy this value, so the two
cquatiom intersect along
F—W; 11y +1(2.-1.2).1eR.
T.a. () 3x—dv+5:=9
2 =9y + 10z =9
3 9y = 12y + 15z = 9
IX By =4y + 5:=9)=9x — 12v + 15z = 27
There is no solution because the first and third
equations are inconsistent.

b. D 2v+3v+4:=3
T 4y + 6y + 8z =4
@ Svdv-cei
2X(2x 4+ 3y + 4z =3)=4dv+ 6y + 8z =6

There is no .solullon because the first and second
equations are inconsistent.
e. O 4y -3y +2:=
’\2 8y — (1\' + 47 =
& 12v - 9y + 6z =
3X (v — 3y + 2z =2) = 12 = Qv + 67 = €
There is no solution because the first and th}rd
equations are inconsistent.
8. a. () 3y + dy + 7z = 4
G‘S\ + 2y + 3z =2

D 6x + Sy + 2z = 8§

—_ s 2

(Fqudllon D) = (2 X equation (2)

= —Tx—5;=0

Letting z = r.thenx = —srandy = 1 + 21,
5 2

X o= —71.}7 =] + 5»1,,2 =11eR

b. @ dx —8y+12: =4

@ xr+dv+6z=4

@ x-2y-3:=4
(Equation (D) + (4 X equation (3))

=24z = -120rz = —} Letting z = —1 creates:
@ 4y — 8y = 10
& 2x + 4y =7

(Eqmnon D)+ (2 % cquatl(m D) = 8y = 24
or x = 3. Substituting in x = 3 and ; = —! gives
v

1 1
"::3’ =7 T e
TN 2
c. @ x—=3y+3z=7

@ 2x—6y+ 67 =14
@ —x+3y—-3z=-7
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Letting z = s.then y = t givesx — 3r + 35 = 7 or
x= -3 4 31 +7
x=31-3s+ 7. v=17=y3,
9.a. 03—~ Sy +2: =4

@ 6x+2y—z=2

@D bx—-3y+ 8 =6
(Equauon (@) = (2 X equation () = 12y — 5

= =6

Setting z

i

s.teR

I

Il

1
12y = S51= ~6ory = -w~2—+ ------ {

Substituting these two values into the first equation
gives x = % + 3t
,\’:% %l”(;l )’_‘5‘]*4‘{51”_116}{
b. O 2x =35y + 3z =1
@ 4y + 2y + 5z =
@ 2x+Ty+2z=4
(Fquatlon @) - (4 X equation (1)

A

=Ry ~-z=3
Setting z = 1,
12v—-1=30ry = ~1 + —1-—1
’ . 4 12
Substituting these two values into the first equation
gives x = { — 3y
g 31 1 1
XY= 241 y~4+ J2.:w1‘reR
10.a.2x + vy + =6
x—y—z=-9
v +y=2
The first equation + the second equation gives
3x = =3 orx = —1. Substituting v = ~ | into the
third equation, 3(—1) + v = 2 ory = 5.

Substituting these two values into the first equation.
2(-1)+S+z=60rz=3
These three planes meet at the point (—1. 5. 3).
b. O 2x-yv+2z=2
@ Ww+yv-z=1
@ x-3v+5:=4

il

Equation(D + equation Q)= 5x + z = 3
Equation @ ~ (3 X equation ) = —5x — =
= -2,

These two equations are inconsistent, so the planes
do not intersect at any point. Geometrically the
planes form a triangular prism.
. O +y—-z=0

@ x =2y +32=0

@ 9 +2y=z=0
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2 X equation (I) + equation O =5x+2z=0,50
7= —ix.

Equation & — equation () = 7x + y = 0,50

y = —7x.

Let v = 1. The intersection of the planes is a line
hmugh the origin with equation x = .y = =71,
= —5t1eR.

1.7 = (2, -1.-2) +s(1.1.-2).seR

By substituting in different s-values, you can find

when the plane intersects the xz-plane when y = 0

and the xy-plane when z = 0.

The plane intersects the xz-plane at (3,0, —4) and

the xy-plane at (1, —2,0). Then find the distance

between these two points using the distance

formula. The distance between these two points

is 4.90.

12.a.x =2y +z+4=0

F= (3.1, -5) +s(2.1.0).seR

779t = (2.1,0) - (1. —2,1) = 0 Since the line’s

direction vector is perpendicular to the normal of

the plane and the point (3. 1, —5) lies on both the

line and the plane, the line is in the plane.

b7 = (7.5, = 1) +1(4.3.2),teR
F=(31.-5 +s(210),s5eR

Solve for the parametric equations of both equations

and then set them equal to each other.

Lox=7+4Ly=5+32z= 1+ 2
fx=3+2s,y=1+s2= -5

z= 5= -1 +)11—~~2

(= -2.x=-1,y=-1,z2= -5

1 = -2 corresponds 1o the pomt (—1,-1,-95)
¢ x=2y+z+4=0

~1 = 2(=1)+ (=5)+4=20

The point (=1, —1, —5) is on the plane since it
satisfies the equation of the plane.

d.7= (7,5, 1)+ 1(4,3.2).1eR

(A.B,C)-(4.3,2) =0

A=7B=-2C= -1l

Tx =2y =z + D=0
D= -50

Tx — 2y = 11z =50 =10

13.a.7 = (3,0.—1) +1(1.1.2),7eR
A(-2,1.1)
x=3+1ny=tz=—-1+72
0=3+1t-x,0=1—y.0=-1+2t-z2

VGt r—x)P+ (- yP o+ (—1+2-2z)
V@ H 27+ (= D) (220 1y
Vet + 30

¢ = 0 gives the lowest distance of 5.48
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b. t = 0 corresponds to the poim (3.0.-1)

14.a.7= (1.—1,1)+1(3.2.1).reR
F=(—2.-30)+s(l .2. 3).seR

Set the equations parametric equations equal to

each other, and determine either the s or i-value.

Find the point that corresponds to this value.

Lex=1+3y=—-1+2z=1+1
Lix=-2+sy==-3+25.2=3
x=1+31=-2+s
y=-1+2=-3+12
z=1+1=3s
s=0r= -1
s =0 oxresponds to the point (—2, —3.0).
b.7= (1.—1.1) + (3.2, )IER
r={- 2—>3())+s(1.,.3)..\eR
P( 2,-3,0)
n, ><n::(3.’2.1)><(1.2.3)
:('4~"84):( =2.1)
7= (=2.-3.0) + (] 2 ).reR

15. a. Since the plane we want contains L. we can
use the direction vector for L. (1.2, — 1), as one
of the plane’s direction vectors. Since the plane
contains the point (1.2, —3) (whichis on L) and the
point K (3, —2.4), it will contain the direction vector
(3,-2.4) = (1.2.=3) = (2. =4.7)
To find a normal vector for the plane we want, take
the cross product of these two direction vectors.
(2, —4.7) X (1.2, ~‘1)~ (—10.9.8)
So the plane we seek will be of the form
~10x + 9y + 8z + D = ().
To determine the value of D, substitute in the point
(1.2, —3) that is to be on this plane.
~10(1) + 9(2) + 8(~-3)+ D =10

D =16
The equation of the plane we seck is
—10x + 9y + 8z + 16 =
b. Using the distance formula, the distance from
S(1.1, = 1) to the plane —10x + 9y + 8z +
16 = 0is

B I—=10(1) + 9(1) + 8(—1) + 16|
- 1(—10.9,8)]
Vﬁ%
= (.45
16.a. O x+y—-z=1
@D2x=Sy+z=—1
®OIx =Ty —z=k
Equation (D) + equation (3) = equation &)

=3x—dy =0
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= equation (5

L2

Equation @ + equation 3
= 9y — 12,\' = —1+ Kk
For the solution to this system to be a line,

equation () and equation (5) must be the proportional.

k = 1 makes these two line proportional and the
solution to this system a line.
b. In part a.. we found that k =
equivalent system
® 3x — 4y =0
@2x -5y +z=
@ Y9 -12y =0
As the first and third equations are proportional,
this 1s really the same system as
® 3x —4dy =0
@2 -5y +z=-1
Letting x = ¢ in the first equation, we see that
y = 21, Substituting these values for x and v into the
second equation. we find that

3
4

= z[ - 1.
4
So the direction vector for the line that solves this
system is (1.3. ), which is parallel to (4,3.7).
So equivalent parametric equations of this line are
x =4
y = 3t
z=—-1+T7r1eR.
So one possible vector equation of this line is
7= (0.0.-1)+1(4,3,7).1eR.
b. In part a.. we found that k = 1 by arriving at the
equivalent system
® 3x -4y =10
@2x-5y+z=~1
@ =12y =0
As the first and third equations are proportional,
this i1s really the same system as
® 3x—dy =0
@2 —-5y+z7=-1
Letting x = ¢ in the first equation, we see that
y = 21. Substituting these values for x and y into the
second equation, we find that

3
z=5{=t)—2t—1
5(4) t

.
=~ 1.
4[

I by arriving at the

|
!

i

H

So the direction vector for the line that solves this
system is (1, 3 %) which is parallel to (4, 3, 7).

3
So equivalent parametric equations of this line are
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e
!

JUST

< =

;= ~1+T7n1eR
So one possible vector equation of this line is

= (0. () -1y +1(4.3,7).1eR.
17a Joox A+ 2v+ =]
2v =3y —z2=06

Equation (I + LqulIOn 2y = equation (5

=3x —y=7
(4 X equation (2)) + equation (3)
= 1lx = Ty = 29
(7 x equation (3) + equation (&)
= equation ()= —10x = —=20y orx = 2
Substituting into equation (3: 6 — v =Ty = — 1.
Substituting into equation (:2 4+ -2 + z = |
orz =1
(2.-1.1)
b. @ z =1
@ 2x-5v+z=-1

& 3x =Ty +2:=0

@ 6x— 14y +4z =0
Equation @) — (2 X equation (1)
= equation = —~y — ¢ = ~3
Setting z = 1.
—y—t=-3ory=3—1
Substituting v = 3 — rand z = 1 into equation (-
x=2B3-n+r=1lorx=7-3

= equation (&

x=7-3y=3-1z=11eR
3¢
18. 0 29 _gp -y
b b
3 4
@ -2 4 ap+ =3
b b
©) '5(1 4b—§£"3
b b
a ¢
:———.7:[’2::—
X b'\ ’ b

Il

[USRR VRN

@O 9x — 8y + 3z
@ —3x + 4y + 4z =
@ 3x+4y —dz =
D+@ =8 =6

y:

® 9 + 3z =10
@ -3x+4z=0
@ 3x—-4z=0
M +30 =152=10

E-NS RV
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2 8
R
3
A% :'E = /J.
8 a 2
U R
4
2 e ]
R
T

(% 31
34

19. First put the equation into parametric form.

Then substitute the x, y, and z-values into

x + 2y — z + 1} = 0 to determine r. Then

substitute 1 back into the parametric equations

to determine the coordinates.

v+l ov-2 -1
-4 3 -2

v=~dp - Ly =3+ 2,0 2041

X+ 2v =324+ 10=0

(=4~ 1Y+ 2(3t+2)=3(~2r+ 1)+ 10 =0

5
[= —-

4
)
y = T ,,)v«&\ A 2

s

20. Let A'(a, b. ¢) denote the image point under this
reflection. We want to find a, b, and ¢. The equation
of theplaneisx —y + z — 1 =0,s0lettingy = s

and z = 1, we getx = | — 1+ 5,5, te R. These are

the parametric equations of this plane, so a general

point on this plane has coordinates P(1 — 1 + s, 5, 1).

SoPA = (1.0,4) — (1 — 1 + s,5.1)

= (1 -5 -54-1)
The normal vector to this plane is (1, —1, 1), and in
order for PA to be perpendicular to the plane, it
must be parallel to this normal. This means that PA
and (1. —1, 1) will have a cross product equal to
the zero vector.
(t—s,—s5,4—-1)xX(1,-1,1)
=4-s~14+s5s—21,25 — 1)
= {0,0,0)

9-30

So we get the system of equations
T d—5-—1=0
A4 s 2a=0
) 25 1= 10

i3
NS
Adding the first two equations gives
8 —3r=10
8
o=
3
Substituting this value for 1 into the third equation
gives
(=25 ~ ¢
8
=25 - =
3
4
s =
ol

PA = (1 =5 =54 1)

8 4 4 8
= e e 4 — e
3 3 3 3

(4 4 ﬁ)
333

This 1s the vector that 1s normal to the plane, with
its head at point A(1, 0. 4) and tail at the point in
the plane

$ 448
PO -t s =p(1 -5 348
\ A 33 3/

S0 the vector
PA" = ~PA

m(+,l,[_*i._,§
=1i{da 3.7 3.( 3

This means thata = —3, b = —3 3

] B

|
B
=
:;
|
AN
!
ol

2, and ¢ = -3,
That is, the reflected point is A’( =3, % 4).
21. a. The first plane has normal (3, 1.7) and the
second has normal (4, —12.4). Their line of
intersection will be perpendicular to both of these
normals. So we can take as direction vector the
cross product of these two normals.
(3,1,7) x (4. —12,4) = (88, 16, ~40)

= §(11,2, -5)
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Sotet’s use (11.2. = 5) as the direction vector for
this hime of mtersection. To find a point on both of
these planes. solve for 2 in the second plane. and
substitute this into the equml(m for the first plane.
dv - 12y + 4z ~ 24 = ()

4z = 24 — 4x + 12y

()-’%\\L\*F/M* 3
= 3y + v+ T7(6 -~ V)

3

= 4y + 22y + 45

If v = 0 in this last equation, then x = ¥ and
o= 6 -y o+ 3y
( ad (0
= = e 4 3
4

,“ . 5 LR R N
The point (% 0. 7). lies on both planes. So the
vector equation of the line of intersection for the
first two planes is

45 21
;o= (n” """""""" ) + f(HZ —:))[QR

A
The corresponding parametric form is
45
X = b Ly
4
v o=
' 2
= - = 51 re R
4

We will use a similar procedure for the other two

lines of intersection. For the third plane. the normal
vector is (1. 2. 3). So a direction vector for the line

of intersection between the first and third planes is
(3, 1.7y x (1,2.3) («..11 .A_z 5)
= (11,2.-5)

We may use (11,2, —5) as thc inumm vector for
this line of intersection. We find a point on both of

these planes in the same way as before.

x4+ 2y + 3z -4 =4

x =4 -2y — 3z

) =3y +y+ 7z

34 -2y~ 3z)+y+Tz+3

=0y - 2z + 15

Taking y = 0 in this Jast equation, we get 7 =
and

x =4 -2y~ 3z

15
4—2m)m3(2>

b

3]
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A point on both the first and third planes is
(—=.0.%5). So the vector equation for this line of
imtersection is

15
).—5—-> +7(11.2. —-5),reR.

and the corresponding parametric equations are

(4]

= — = 51 1eR.
2

Finally, we consider the line of intersection between
the second and third planes. In this case, a direction
vector is

(4. —12.4) X (1.2.3)

i

(—44, —8.20)
—4(11,2. -5)
We may use (11.2. —5) as the direction vector for
this line of intersection. We find a point on both of
these planes in the same way as before.
X+ 2y + 3z -4=0
x =4 -2y -3z
0=4v ~ 12v + 4z - 24

=4(4 - 2y - 3z) — 12v+ 4z - 24

= ~20v —- 8z - 8
Taking v = 0 in this last equation, we get 7 = — |
and
x =4 - 2v =3z
4 - 2(0) - 3(=1)

=7
A point on both the second and third planes is
(7.0. = 1). So the vector equation for this line of
intersection is
F=(7.0.-1) +1(11.2. = 5),1eR,
and the corresponding parametric equations are
x=7+ 1l
v o= 2
z=—1-51.¢eR
b. All three lines of m\exscmon found in part a.
have direction vector (11.2. —5), and so they are
all parallel. Since no pair 01 normal vectors for
these three planes is parallel. no pair of these planes
1s coincident.

it

it

il

2 5 3
2.0 5 4 5+ 5 =40
a- b= ol
a- b* =
-9 5 4
@ =5 =+ oy =07

o h- ol
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-13
©+3@ =@ =2+ 2 =31
as b-
21 =29
@+40 =0 == +—5 =55
as b-
210 - 1HE = — =46,b = +1,b = —1
21 j—?j?"“SS.u:l,a:»l
a- 1 2 2
2 5 3 _ | 1
b L S =40c= = —=
025 Tyt a0 e=g 0=
| 1 1
(1=~2~.z:—--§b lb——lc—-i,c“:-§

Because each equation has each of a*, b°, and ¢?, the
possible solutions are all combinations of the
positive and negative values for a, b, and c: (% 1. %)

(1D (1) G ()
(-% 1. ~%) (—% —]l) and (% -1, *%)

23. The general form of such a parabola is
y o= ax® >+ bx -+ ¢. We need to determine a, b, and c.
Since (—1.2), (1, —1), and (2. 1) all lie on the
parabola, we get the system of equations

O a-b+c=2

@ a+b+c=-1

@ da +2b+c=1
Adding the first and second equations gives

!
atc= =

2
Subtracting the first from-the second.equation. gives
2b = -3

i l

o3
7T
Using the fact thata + ¢ = 3 and b = —3 in the

third equation gives
=4a +2b + ¢
=3a+2b+ (a+c¢)

=3a + 2<~§> o1
= Ja B 3

5
= 3g — —
a 5
7
‘2‘:’30
. 7
1= =
6

So using once more that a + ¢ = 3, we substitute
this value in for a and get

—=4+C
2
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s :7— - I's
6
2
=73
So the equation of the parabola we seek is
7, 3 2
vy =X = —X — .

6 2 3
24. The equation of the plane is
4x — 5y + z = 9 = 0. which has normal (4. =5.1).
Converting this plane to parametric form gives
X =3
y =1
z=9—4s + 5.5.1eR.
So for any point Y{s, 1.9 — 4s + 5t) on this plane.
we can form the vector
XY = (5.1.9 = 45 + 51) = (3.2. =5)
= s~ 31— 2,14 - 4ds + 51)

This vector is perpendicular to the plane when it
is parallel to the normal vector (4, —5.1). Two
vectors are parallel precisely when their cross
product is the zero vector,
(s — 3.0~ 2,14 — 45 + 51) X (4. —5,1)
= (68 + 261 — 205,59 + 20t — 175,23 — 41 — 5s)
= (0,0,0)
So we get the system of equations

@ 68 + 260 — 205 = 0

@59 + 200 = 175 = 0

@ 23-4-5=0
Subtracting four times the third equation from the
first equation gives

H

42t - 24 =0
4
1=z
7
Substituting this value for 1 into the second equation
gives

0 =259+ 20t - 17s

4
59 + 2()(;;) - 17s

493
175 = 222
YT
LY
ST

Substituting these values for s and r into the equation
29 4
77

for Y gives
29
-4
9 <7>
(4)) (29 4 33)
+5( =) =22 -=
7 77T 7

Y(s.1,9 — 4s + 51) = (
So the point M we wanted is M (3,4, —%).

Chapter 9: Relationships Between Points, Lines, and Planes



Ilx” = 14y + 9 A Bx + C
25. -~ 5 = + =
(v — D)y(x-+ 1) 3v -1 a4
Hx® = 14y + 9
By = D'+ 1)
A7+ 1)+ (Bx+ C)3x — 1
(3x — 1)(x? + 1)
J1x? = 14y + 9 = (A + 3B)x? + (3C — B)x
+ (A~ ()
A-C=93C~-B=~-14 A4+ 3B =11
B=3C+14A=C+9
A+33CH+ 14)y=11.4 +9C = —3]
(C+9) +9C = -3]
10C = —40,C= —4
B=3(-4)+14=2A=(-4)+9=5
A=5B=2.C= —-4
26. a. The vector
EF = (—1.-4.-6) — (4.0.3)
= (-5 -4.-3)
This is a direction vector for the line containing the
segment £F. The point E(—1, —4, —6) is on this
line. so.the vector equation of this hine is
F=(-1.-4,-6)+1(=5 -4, -3),1eR.

b. Based on the equation of the line found in part a.,

a general point on this line is of the form
J(=1=5~4-4.-6-3),1eR.
For this general point, the vector
JD = (3.0.7) = (=1 = 51, —4 —4t. =6 — 31)
= (4 4+ 5.4+ 4,134+ 31)

This vector will be perpendicular to-the-direction
vector for the line found in part a. at the point J we
seek. This means that
0= (4 + 504+ 413+ 31)-(~5.—4,-3)

= =5(4 + 51— 4(4d + 41y - 3(13 + 3)
=75 = 501

3

2
Substituting this value of 1 into the equation for the
general point on the line in part a.,
J(=1 =5 -4~ 4. -6 = 31)

Ao ()
(22

il

[ =

These are the coordinates for the point J we wanted.

¢. Using the coordinates for J found in part b.,
3

JD = (3.0.7) - (l;z -—2—>
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This vector forms the height of ADEF, and the
length of this vector is

(3-25)

7Dl =

_ i
N 72

= 9.4]
The length of the base of ADEF is
EF| = |(~5.~4.-3)]

= V(ST AT (23)

= V/50

= 7.07

So the area of ADEF equals

1 1T\ s
5(\/.5())(\//7—) = =\177

27.3x — 2z + 1 =0
Ax +3y +7=0

(5.-5.5)

AT = (3.0, -2) X (4.3,0) = (6. —8.9)

6x — 8y + 9z + D =0
D= —115

bx = 8y + 9z — 115 =10

Chapter 9 Test, p. 556

a7 = (4.2,6) +s(1,3.11).seR.

o= (5.-1,4) +1(2,0,9),reR
Lix=4+s5yv=2+35,z=6+1ls

Lyx=5+2,y=~-1,z=4+9
y=-1=2+3s

5= -1
Lix=4+(=1),y=2+3(-1),
z=6+11(-1)
x=3y=~1l,z=-5

(3.~ 1.-5)

b. x—y+tz+1=0

3-(-D)+(-5+1=0
3+1-5+1=0
0=20
2. Use the distance equation.
d = |Axy + By, + Czy + D]
a. A(3.2,3)
8x ~ 8y +4z~-7=0
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d = !Sx() - 8,\’() + 4z — 7i
VI8 + (=8) + (4)
_18(3) ~8(2) +4(3) - 7]

VI8 + (—~8) + (4)

=2 o8
= EO] 1.0

b. First, find any point on one of the planes, then use

the other plane equation with the distance formula.
2x —y+ 2z - 16=10
2v -y + 2z +24 =0
2(8) = () + 2(0) = 16 =0
A(8.0.0)
q= [2xy — Ly, + 2z, + 24|
V(2 + (=1) + (2)
2(8) — 1(0) + 2(0) + 24]

V(2P + (=17 + (2)
4(0)
~%~- or 13.33

il

it

Joa Ll 2x+3yv~—2z=3
Ly—x+y+z=1
Ly + 2055y + z =5

7=
Sy + (1) =5
!
y=1-<
-x+y+z=1
. .
—x + - =]+ () =1
X (\l 5) (1)
4t
,\’:':_'
2
"—ﬂ *1——C~~11 R
,\*5,)— 5.4,-,6

b. To determine the point of intersection with the
xz-plane, set the above y parameltric equation equal
to } and solve for the . This ¢ corresponds to the
point of intersection.

—ﬂ —l~i~-r1 R
.\’—S,y— 5,<,~,E
0=1-+
5
=25
_As) )
v Ly =1 5 ,2=(5),teR
(4,0,5)
4.a. x—y+z=10
2 2x + 3y — 2z = -21
1 1 1
XSy —p =
@+y+gr=;
9-34

Equation ) + (2 X equation (1)) =
4x +y = —1

: 31
6x + —y = —25
J

31(4»+ = -1
gty = )

31
o e 29)

—18.8x = —18.8

x = |
4(1) +y = —1
y=-5
(1) = (=5 +z=10
z=4
(1.-5.4)
b. The three planes intersect at this point.
S.a. O x-—yA+z=-1

@D2%+2vy—-z2=0
@ x -5y +4z= -3

4 + 7 = =2
4y + z = —12
=1
4y + (1) = =2
i !
¥ = —— — -
2 4
x—y+z= -1
EE
Y
3t ]
y:w-«+-~
4 2
1 ! 3r 1
X > 4’y 4 5 .1eR

b. The three planes intersect at this line.
6.a. Lpix+y+z=0

Lyx + 2y + 2z =1

L::2x —y+mz =n
Ly+ 20350+ 0y + (2m + 2)z = 2n + 1
L)+ Ly3x+0y+ (m+1)z=n

5
:;(3)( + 0y + (m + 1)z = n)

5 5
=5y + 0y + 5(’71 + 1)z = 3"

Then set the two new equations to each other and
solve for a m and n value that would give equivalent
equations.
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So we get that _
¥ = 200 and |¥| = 200V/3. This means that the
component of the weight of the mass parallel to the
inclined plane is
9.8 X |X] = 9.8 x 200

= 1960 N.
and the component of the weight of the mass
perpendicular to the inclined plane is
9.8 X |¥] = 9.8 x 200V/3

= 3394.82 N.
35. a. True; all non-parallel pairs of lines intersect
in exactly one point in R°. However, this is not
the case for lines in R* (skew lines provide a
counterexample).
b. True; all non-paralle] pairs of planes intersect in a
line in R°.
¢. True; the line x = y = 7 has direction vector
(1.1, 1), which is not perpendicular to the normal
vector (1, —=2.2) to the plane x — 2y + 2z = k.
k any constant. Since these vectors are not
perpendicular. the line is not parallel to the plane.
and so they will intersect-in exactly one point.

d. False; a direction vector for the line

X b . .
5=y 1 ==5—1s (2,1, 2). A direction vector

2-~ . x =1 y — ] z+ 1.

for the line T Ty =Ty is (R4 -2 -2),
or (2, 1. 1) (which is parallel to (-4, =2, —2)).
Since (2, 1,2yand (2, 1, 1) are obviously not
parallel, these two lines are not parallel.

36. a. A direction vector for

y—2
L]..\ - 2, 3 = Z
15 (0, 3, 1), and a direction vector for
7+ 14
Lyx=y+ k= —

is (1, 1, k). But (0, 3, 1) is not a nonzero scalar
multiple of (1. 1, k) for any k since the first
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component of (0. 3. 1) is 0. This means that the
direction vectors for L, and I, are never parallel.
which means that these lines are never parallel for
any k.

b. If L, and L, intersect. in particular their
x-coordinates will be equal at this intersection point.
But x = 2 always in L, so we get the equation

2=v+k
y=2-—k
. Vo2 .

Also, from 1., we know that 7 = . S0 substituting
this in for zin L, we get

2k =7+ 14

y — 2
2k ===+ 14
a3

32 = 14y = v - 2
v = 06k — 40
So since we already know that v = 2 — k. we
now get
2 -k =6k - 40
Tk = 42
k=6
So these two lines intersect when k = 6. We have
already found that x = 2 at this intersection point,
but now we know that

il

v =6k — 40
= 6(6) — 40
= —4

oy =12

£, “”'i‘“
—4-2
3
= -2

So the point of intersection of these two lines is
(2. —4. —2), and this occurs when k = 6.
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